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ABSTRACT 
Of the various modes of transport available in Australia, railways are the fastest and 
most economic and therefore railway traffic has expanded in recent years to become 
a specific and irreplaceable means of transporting people and goods. For this reason 
improvements in rail track embankments are the direct result of trying to reduce 
maintenance costs and increasing the volume of traffic. This rapid development of 
railways means they must inevitably be constructed on subgrade consisting of soft 
estuarine clays, and long term repeated loading induced by rail traffic results in 
irrecoverable or permanent deformation, as well as inducing the generation of excess 
pore water pressure; all of which undermines the design life of railway substructure 
and exacerbates the cost of maintenance. It is therefore necessary to understand the 
behaviour of soft subgrade soil subjected to repeated loadings when a new rail track 
is designed or when an existing track undergoes maintenance.  
A series of undrained cyclic triaxial tests were carried out on reconstituted mixtures 
of sand and clay in isotropically consolidated and fully saturated conditions. The soft 
subgrade soil was studied under continuous cyclic loading with three cyclic stress 
ratios (CSR = 0.2, 0.3 and 0.4) and four frequency values (from 0.01 to 1 Hz), and 
then the accumulation of axial strain, the generation of excess pore water pressure 
and degradation of the resilient modulus throughout the number of cycles were 
analysed. Fundamentally, a higher cyclic stress ratio and lower frequency loadings 
had a greater detrimental effect on soft soil. The effect of the cyclic stress ratio and 
frequency on the initial resilient modulus was also evaluated.  
The experimental investigation using the cyclic triaxial apparatus did not include 
important parameters because this device has limitations, but one feature that cannot 
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be ignored when estimating the long term performance of track foundations is the 
continuous rotation of principal stress directions induced by moving wheel loads. A 
series of undrained hollow cylinder tests were carried out on reconstituted normally 
consolidated soil samples at frequencies from 0.1 to 1 Hz and cyclic stress ratios of 
0.2 and 0.3.  A novel method of consolidating slurry was used to prepare the 
reconstituted and saturated hollow cylindrical samples. The ability of the Dynamic 
Hollow Cylinder Apparatus (DYNHCA) to simulate a complex loading path was 
validated by comparing the idealised and actual stress values acting on the test 
samples. This showed that higher CSR values and lower frequencies induce greater 
permanent axial deformation and excess pore water pressure in subgrade soil. In fact, 
with a CSR=0.2, the pore pressures and axial strains increased even after a large 
number of cycles (i.e., 50000 cycles), and even though the rate of degradation of the 
resilient modulus decreased with the number of cycles, no asymptotic status was 
reached. However, when the highest CSR of 0.3 was imposed, the specimens failed 
after reaching 5% of axial strain and degraded up to 10% of the maximum resilient 
modulus in less than 300 cycles. 
The results between the triaxial apparatus and hollow cylinder apparatus were 
compared and the effect of the continuous rotation of principal stress direction on 
soft soil subjected to cyclic loading was analysed, since the total stress path in the p-
q diagram for both devices was almost the same. Regardless of the cyclic stress ratio 
and frequency, the continuous rotation of principal stresses adversely affected the 
behaviour of soft soil. A reduction in the initial resilient modulus associated with the 
rotation of principal stress direction was also discussed. 
A new constitutive undrained cyclic model is proposed based on the Modified Cam 
Clay (MCC) model. To capture the behaviour of soil under cyclic loading the yield 
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surface was modified (i.e., shrinked) during elastic unloading by keeping the 
volumetric strain at zero. Two cyclic degradation parameters α and β were 
incorporated into the model to represent the changes in the yield surface during 
cyclic loading, in addition to the conventional parameters used in MCC model. The 
amount of shrinkage in the yield surface and how it decreased with the number of 
cycles are controlled by these two parameters. This model was verified against test 
data and the parameters were back calculated. The parameter α depends on the cyclic 
stress ratio and frequency while the parameter  depends only on the cyclic stress 
ratio. The effect of these parameters with the inclusion of principal stress rotation 
was also verified. Finally, a sensitivity study was  carried out to check the 
performance of the proposed model.  
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Chapter 1 Introduction 
 
1.1 Background  
The global emphasis on railways stems from the fact that they are an efficient and 
economic mode of transportation.  In Australia, railways play a vital role in terms of 
conveying freight and bulk commodities between major cities and ports, as well as 
passengers, albeit most are in urban areas. Australia has more than 43,000kms of 
broad, narrow, standard and dial gauge rail tracks in its network (Figure 1.1). In 
recent years, due to ongoing pressure from the community for high speed rail to 
make commuter travel faster and more efficient, as well as faster heavy haul to 
improve mining and agricultural productivity, there is an urgent need to construct 
new track or renovate existing track. This need increases the pressure for railway 
engineers to deliver track that reduces the maintenance work and costs over its entire 
life span.   
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Most railway lines in Australia, particularly in NSW and QLD, are constructed in 
coastal regions where soft soil is widely spread at deeper depths (Attya et al. 2007). 
Even though this soft clay is characterised by low bearing capacity and excessive 
settlement, the construction of new rail tracks cannot be avoided due to the need for 
straight and quicker transport. Research on railway foundations have not received 
enough attention, with the result that substructure failures and poor track geometry 
have caused speed restrictions and track termination. The cost of a single, uneventful 
derailment can reach several millions of dollars, but when there is a major derailment 
involving hazardous goods in an urban area, the consequences can cost several 
hundreds millions of dollars, as well as taking lives. Although the level of funding 
invested in railway maintenance is substantial, a considerable proportion is spent 
rectifying problems in the substructure layers.  
Figure 1.1 : Australian rail map (adopted from http://www.railmaps.com.au/austrail) 
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Traditional railway foundations or substructures consist of two granular layers such 
as ballast and sub-ballast overlying a subgrade. The ballast, sub-ballast, and subgrade 
are mostly made from coarse aggregates, fine cohesion-less granular particles and 
clay particles, respectively. Moving freight and passenger trains impart continuous 
cyclic loading onto the railway substructure (Li and Selig 1998). The rails transfer 
wheel loads onto the supporting sleepers, which are spaced evenly along the rail 
length; the sleepers hold the rails in designated positions through a fastening system 
and anchor the superstructure into the ballast layer. The ballast and sub-ballast layers 
transmit the high imposed stress at the sleeper/ballast interface to the subgrade layer 
at a reduced level by spreading. In Australia, it is almost mandatory to use a 150-
200mm thick layer of compacted sandy gravel as a capping layer followed by a layer 
of granular structural fill above a typical soft subgrade soil, leading to rapid 
attenuation of the frequencies applied at the ballast layer (below sleeper) with depth 
(Liu and Xiao (2009). The subgrade governs global track stiffness and the 
subsequent deterioration of vertical track geometry (Brough et al. 2006). Pita et al. 
(2004) showed that a low track stiffness can result in a flexible track with poor 
dissipation of energy whereas a high track stiffness leads to greater dynamic 
overloads on the rail with increased interactive train and track forces.  
1.2 Statement of the problem 
The effect of cyclic loading was initially investigated on sand because liquefaction 
can lead to ground failure during earthquakes. In a short period of time (under 
undrained conditions), the mean effective pressure (σ’m) decreases continuously as 
cyclic loading progresses due to the pore water pressure increment. When the excess 
pore pressure has increased to 100% of the initial effective mean pressure (σ’mo), 
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sand has zero effective pressure, which causes failure; this is defined as liquefaction. 
However, recent studies indicate that silty or sandy clay impacted by earthquake 
loading can also experience significant strain and an excessive reduction in strength 
(Chu et al. 2004, Gratchev et al. 2006); it is therefore important to evaluate the 
behaviour of clay does or does not differ from sand.     
The behaviour of soft clay under moving loads is a very important concern in 
geotechnical engineering during the design stage of railways and roadways (Carter et 
al. 1979). Since soft soil has a low bearing capacity and high compressibility, it has a 
significant effect on the performance of transport infrastructure.  Continuous cyclic 
loading induces permanent settlement and excessive pore pressure build up, which 
leads fine clay particles to be ejected into the sub-ballast and ballast layers; this 
phenomenon is known as mud pumping (Figure 1.2).  
Granular layers serve as drainage filters because they have a higher hydraulic 
conductivity due to the larger voids between particles. However, in low lying coastal 
areas where the subgrade is fully saturated, moving train loads create a vertical 
seepage force due to the high pore-water pressure, which reduces the effective 
Figure 1.2 : Track deterioration by the ejection of fines (mud pumping) 
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stresses and induces fine particles to be pumped out to the overlying layers. As the 
fine clay particles from the subgrade become entrapped, the porosity and drainage 
capacity of the granular layers is reduced, so the top layers are eventually degraded 
as well. This is why the subgrade must be investigated to avoid failure on the top 
layers. 
Several researches have already been carried out to evaluate the performance of soft 
soil under cyclic loading. It is well known that the strength at which soft clay fails 
under cyclic loading is less than the undrained shear strength obtained from standard 
monotonic tests (Andersen 1976, Sangrey et al. 1969). Most experiments were 
carried out in triaxial apparatus under consolidated undrained conditions to simulate 
the behaviour of subgrade under repeating train loads. The threshold limit of cyclic 
stress and the frequency limit were defined from the results of conventional triaxial 
cyclic stress path, but the actual stress path that railway subgrade is subjected to does 
not represent the triaxial stress path because the major and minor principal stresses 
are not always vertical and horizontal during cyclic loading. The rotation of the 
principal stress directions is the main point of differentiation between a conventional 
triaxial stress path and a general stress path associated with moving axle loads 
(Brown 1996). A simple elaboration of principal stress rotation is shown in Figure 
1.3. 
 
 
 
 
 
𝜎1 
𝜎3 
Wheel load 
𝜎3 
Wheel load Wheel load 
Figure 1.3 : Rotation of principal stresses under moving wheel loads 
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Only a few studies have referred to the principal stress rotation because it is difficult 
to make and test a sample under this complex loading path. However, this important 
parameter cannot continue to be omitted because among other problems, it results in 
overestimating the maximum cyclic stress value and speed limit, and overestimating 
these values increases the frequency of repairs. These problems are directly 
connected to the costs related to maintenance operations.  
Fouled or degraded granular layers can be removed and replaced with new or 
suitable material but when the subgrade is subjected to failure or goes beyond its 
serviceability limit, the exact spot cannot be identified, so replacing with large 
amount of good soil is not possible, since it is spread over a long distance at deeper 
depths.        
1.3 The scope and objectives of this study 
This research sets out to study the effect of rotation of principal stresses in subgrade 
soft clay under cyclic loading. A Dynamic Hollow Cylinder Apparatus (DYNHCA) 
was used to study this behaviour in a comprehensive way using a complex stress 
path. The behaviour of in-situ soil under moving wheel loads was studied using the 
following methodology:  
• An experimental investigation into the behaviour of subgrade soft clay under 
one-way sinusoidal cyclic loading was carried out using a conventional cyclic 
triaxial apparatus. 
• A novel slurry deposition method was used to prepare hollow cylindrical 
samples of reconstituted soft soil without the coring that can disturb the soil 
structure. 
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• A laboratory study of soft subgrade under a complex stress path with 
principal stress rotation (PSR) was conducted using a Dynamic Hollow 
Cylinder Apparatus (DYNHCA). 
• The effect of principal stress rotation under moving wheel loads was 
investigated by comparing the results from the conventional cyclic triaxial 
apparatus and the dynamic hollow cylinder apparatus. 
• A constitutive model based on the Modified Cam-Clay model was developed 
to simulate the behaviour of subgrade soil under undrained cyclic loading. 
1.4 Limitations of this research 
A simulation of the general stress path which occurs in in-situ soil conditions under 
moving train wheel loads was considered in this study. The behaviour of soft 
subgrade and the effect of rotation of principal stress direction were investigated by 
considering the variation of frequencies and cyclic stress ratios at a particular depth 
only; the effect of depth was not considered in this research. Perpendicular stress 
along the railway lines was assumed to be constant even though minor changes do 
occur with stress rotation. It may not be the ideal condition where significant changes 
of intermediate principal stress occur during tunnelling. The reconstituted hollow 
cylindrical samples were only used because it is very difficult to get samples of soft 
undisturbed clay into hollow cylindrical shapes. All the tests were carried out under 
undrained conditions up to 50000 cycles of loading or until failure. To simulate 
different train speeds and axle loads, the tests were carried out with frequencies from 
0.1Hz to 1Hz combined with cyclic deviator stresses from 20kPa to 40kPa. The 
effect of anisotropy and coaxial stress-strain behaviour are not within the scope of 
this study. 
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1.5 Organisation of the thesis 
This thesis is divided into 7 chapters, including this introductory chapter which 
outlines the background, scope, and objectives of the study. A summary of the 
remaining chapters is given below: 
A comprehensive literature review is given in Chapter 2; this includes a brief 
overview of different components of rail track structures and load paths from rail 
track to subgrade. Those factors affecting the behaviour of subgrade under cyclic 
loading are discussed, and the importance of the principal stress rotation and why the 
hollow cylinder apparatus differs from conventional cyclic apparatus are stated. The 
chapter concludes with a summary of previous studies involving hollow cylinder 
apparatus.  
Chapter 3 presents details of the conventional cyclic triaxial apparatus and dynamic 
hollow cylinder apparatus used in this study, and also describes their capability and 
limitations. It concludes with an explanation of how the principal stresses change 
with external loading and the main difference between these two devices.  
Chapter 4 discusses the experimental procedure carried out on soft clay without 
principal stress rotation using the conventional cyclic triaxial apparatus. The 
development of permanent deformation and excess pore water pressure with number 
of cycles / time is analysed with different frequencies and cyclic stress ratios. It also 
describes the reduction in the resilient modulus in relation to the number of cycles, 
and it concludes with an explanation of how the frequency and strain limits are 
influenced by the initial resilient modulus. 
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Chapter 5 describes an experimental investigation on soft soil with principal stress 
rotation using the hollow cylinder apparatus. It begins by describing how the one-
dimensional slurry deposition method was used to prepare the samples, and then 
discusses how the general stress path using the hollow cylinder apparatus is 
calibrated on actual samples. The effect that the frequency and cyclic stress ratio 
have on the development of permanent deformation and excess pore-water pressure 
is analysed, and how quickly the soil failed with axial deformation and degradation 
of the resilient modulus is presented in terms of the number of cycles. It concludes 
by presenting variations of the initial resilient modulus with varying frequencies and 
cyclic stress ratios. 
Chapter 6 presents the influence of principal stress rotation under moving load by 
comparing the results obtained in Chapters 4 and 5. The loading conditions and stress 
paths for conventional cyclic triaxial apparatus and dynamic hollow cylinder 
apparatus are described. It concludes with a discussion on how the principal stress 
rotation effects permanent deformation, excess pore-water pressure and degradation 
of resilient modulus with the number of cycles.  
Chapter 7 describes the development of a new constitutive model based on Carter’s 
(1979) model to incorporate undrained cyclic loading with the effect of cyclic stress 
ratio and frequency. It also discusses the effect of principal stress rotation in the new 
constitutive model.  
Chapter 8 presents the conclusions and recommendations of this current study, 
summarises the findings from this research, and then suggests future work in this 
area. 
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Chapter 2 Literature Review 
 
2.1 Introduction 
Railway transportation plays a vital role among other transportation modes in 
Australia. It is important to distinguish the different layers of a railway substructure. 
The subgrade layer is generally given less attention compared to the other top layers 
since only a small load is conveyed after distributing a large amount of load to the 
top layers. However, the same priority should be given to the subgrade layer to 
ensure the long term usage of railway tracks. The behaviour of soft clay under cyclic 
loading should be clearly known to define the limitations of load and speed of the 
train.  
This chapter describes the understanding of the track formation layers, load path 
from the surface to the subgrade, geotechnical engineering aspects of track 
foundations and failures, design principles and experimental procedures. Further, it 
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examines the variation of several apparatus which have been used to investigate 
cyclic loading behaviour in previous studies and how those conventional devices 
diverge from the hollow cylinder apparatus that is able to apply principal stress 
rotation. A very little understanding has been shown about principal stress rotation 
and its significance. This chapter also addresses the selection of the dimensions of 
the hollow cylinder sample, stress non-uniformity across the wall and load 
application on a hollow cylinder soil sample.  
2.2 Railway Structure 
2.2.1 Typical cross section of a railway 
A typical rail track consists of rails and sleepers. Underneath the sleeper, granular 
layers, including ballast and sub-ballast are placed over the subgrade layer (Figure 
2.1). Rails are placed with a constant and standard spacing throughout the 
longitudinal direction. The thickness and modulus of the granular layer are varied. Li 
and Selig (1998) mentioned that the thickness of the granular layer should be greater 
than 0.15m to prevent excessive deformation and eventual failure in the subgrade 
under high cyclic loads. The last and deep subgrade layer mostly contains soft clay 
which has much lower modulus compared to the ballast layer. Therefore, it is 
necessary to study the effect of train’s repeated loads on the subgrade layer.  
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2.2.2 Loading path 
Cyclic load which is generated by axle loads of moving trains is firstly transferred to 
rail structures. An empirical equation is used to calculate the design axle load (Pd) as 
a function of the static wheel load (Ps). 
 
𝑃𝑑 =  ∅𝑃𝑠           (2.1) 
 
where Ø is the dimensionless impact factor which depends on the speed of the train, 
diameter of the wheel, modulus of the track and maintenance condition of the 
locomotive. The part of the load taken by the rail structure carries over to ballast and 
sub-ballast layers through material and geometric damping. Only a portion of the 
load (𝜎d) is absorbed by the subgrade surface from granular layers: 
 
𝜎𝑑 =  ∅𝑠𝑢𝑏𝑔𝑟𝑎𝑑𝑒 𝑃𝑑         (2.2)  
 
Sleeper Rail Gauge 
Figure 2.1 : Typical cross section of railway 
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where Øsubgrade is the coefficient of the axle load on the subgrade which depends on 
the structure of the track and thickness of the above layers (Han and Zhang 2005). 
Liu and Xiao (2009) found that only 20% of the surface load applied to the rail 
structure is transferred to the surface at which the depth is below 1.5m (Figure 2.2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.2 : Attenuation factor of dynamic stress in the subgrade (after 
Liu and Xiao 2009) 
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2.3 Influencing Factors 
2.3.1 Confining Pressure 
Mud pumping occurs mostly at lower depths of subgrade. The deeper layer has 
higher confining pressure which restricts the mud pumping. Only few studies have 
been presented concerning the influence of the confining pressure on soft clay.  
Ishihara (1996) suggested the following empirical equation for the small strain 
dynamic shear modulus (Gmax), which is influenced by the effective confining 
pressure (𝜎c’) and initial void ratio (e).  
 
𝐺𝑚𝑎𝑥 = 𝐴
(𝐵−𝑒)2
1+𝑒
 (𝜎′𝑐)
𝑐         (2.3) 
where A, B and C are laboratory measured values. 
 
Teachavorasinskun et al. (2002) have studied the degradation of soft clay using an 
equivalent shear modulus (Geq) which was defined as the ratio of the single 
amplitude shear stress to the shear strain. It was found that soil degraded more with 
low initial confining pressure than the high initial confining pressure when the 
samples collected from sites of Mahidol University (MU), Chulalongkorn University 
(CU) and Kasetsart University (KU) (Figure 2.3). Stiffness degradation on natural 
fine grained soils under cyclic loading was studied by changing confining pressures 
using cyclic triaxial tests (Okur and Ansal 2007). They also found that the maximum 
shear modulus increased with increasing initial confining pressure. Li et al. 2014 
found with cyclic loading history that the dynamic shear modulus suddenly reduced 
as partially attributed to the changes in soil fabric with decreasing effective confining 
pressure reference to Gmax (Figure 2.4).  
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Figure 2.3 : Effect of the initial confining stress on Geq 
(after Teachavorasinskun et al. 2002) 
Figure 2.4 : Effect of normalised small strain shear modulus with normalised 
effective stress (after Li et al. 2014)  
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Reduction of dynamic shear modulus is termed as Degradation. Soil stiffness 
Degradation Index (δ) is defined by degradation of soil secant modulus. The ratio of 
the secant modulus in the Nth cycle, EN  to the secant modulus in the first cycle E1 is  
defined as the degradation of the soil (Idriss et al. 1976, 1978):  
 
𝛿 =  
𝐸𝑁
𝐸1
           (2.4)  
In addition, Idriss et al.(1978) also found that the rate of degradation (log δ) varies 
linearly with number of cycles (log N).  
 
𝑡 = −
𝑙𝑜𝑔𝛿
𝑙𝑜𝑔𝑁
           (2.5) 
where t is the degradation parameter.  
 
The effect of vertical consolidation stress on cyclic degradation of normally 
consolidated Kaolin clay was discussed by Mortezaie and Vucetic (2013a) using the 
cyclic strain controlled Norwegian Geotechnical Institute (NGI) simple shear test. 
The authors found that soil at a lower consolidation stress degraded more as the 
number of cycles increased (Figure 2.5).  While Fa indicates relatively high 
frequency, Lo and Hi indicates low and high confining pressures respectively and 
0.5% represents constant cyclic shear strain amplitude in this Figure.  
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2.3.2 Plasticity Index 
The Plasticity Index (PI) of clay is an important factor in triggering the mud pumping 
phenomena. Wen-shao (1981) defined the criteria for liquefiable cohesive soils such 
as those greater than 0.75 in the Liquid Limit (LL), less than 0.5daN/cm2, less than 
SPT 4, and more than 4 in sensitivity. This was called the “Chinese Criteria”, but this 
criterion has been later modified by Perlea et al. (1999) using the Plasticity Index. 
 Vucetic and Dobry (1988) examined the degradation of normally consolidated 
marine clays under cyclic loading and found that clays with high PI (27-57%) 
degraded at a much slower rate than clays with a low PI (11-15%) (Figure 2.6). The 
graph below shows the results of Direct shear tests (DSS) and Triaxial tests after 
Figure 2.5 : Effect of the confining pressure on cyclic degradation of 
kaolin clay (after Mortezaie and Vucetic 2013a) 
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converting axial strain, ɛc to shear strain, ϒc (1.732ɛc=ϒc). Vucetic and Dobry (1991)  
came to the same conclusion after studying a wide range of PI soils. A similar trend 
was also identified in Lee and Sheu’s (2007) work; they carried out a series of 
undrained cyclic strain controlled tests on silty clay to observe the soil degradation 
behaviour. The rate of increment in the degradation parameter (t) was higher in soils 
with a low plasticity index.   
 
 
 
 
 
 
 
 
 
 
 
 
It is well known that the reduction of dynamic shear modulus becomes more 
pronounced as the Plasticity Index (Okur and Ansal 2007) decreases. Subramaniam 
and Banerjee (2013) verified their model with previous experimental data, and also 
indicated that the degradation index (δ) decreased as the PI decreased (Figure 2.7). 
Figure 2.6 : Effect of the Plasticity Index on degradation of soil with shear strain 
(after Vucetic and Dobry 1988) 
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2.3.3 Over Consolidation Ratio (OCR) 
Excess pore water pressure was observed to decrease under one directional cyclic 
loading on highly overconsolidated (OC) soils (Brown et al. 1975), and the resilient 
modulus of soil under repeated loading also reduced rapidly in normally consolidated 
(NC) specimens. Vucetic and Dobry (1988) tested the degradation of marine clays 
under cyclic loading to evaluate the effect of the over-consolidation ratio (OCR). For 
a specific cyclic shear strain, normally consolidated clay degraded more than other 
OC soils and the degradation parameter (t) increased with cyclic shear strain for all 
types of soils (Figure 2.8).  
Figure 2.7 : Variation of Degradation Index with the Plasticity 
Index (after Subramaniam and Banerjee 2013) 
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For normal and overconsolidated clays, Matasovic and Vucetic (1995) proposed a 
model for the excess pore water pressure of fully saturated marine clay under 
uniform cyclic loading and simple shear conditions (Figure 2.9), that was compared 
and verified with test results. This study proved that the pore water pressure 
increased more for soil with OCR=1 than for OC soils with the decrease of the 
degradation index. 
Figure 2.8 : Variation of degradation parameter with shear strain 
and OCR (after Vucetic and Dobry 1988) 
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Stress controlled triaxial tests have been conducted on clay to study the degradation 
of soil under cyclic loading (Zhou and Gong 2001). At a constant cyclic stress ratio 
(CSR) and frequency, clay with an OCR value equal to 1.2 degraded more than clay 
with OCR values of 2 and 4, as the number of cycles increased (Figure 2.10a); 
Subramaniam and Banerjee (2013) obtained similar results under strain controlled 
conditions (Figure 2.10b). Under both stress controlled and strain controlled tests the 
degradation index decreased linearly with the log scale of the number of cycles 
(Figure 2.10). Loh and Nikraz (2012) carried out four undrained cyclic triaxial tests 
on Kaolinite clay. A model was presented to capture the accumulation of axial strain 
of various OC soils with different deviator stress; test results verified that the clays 
exerted more strain accumulation with a decreasing OCR. 
Figure 2.9 : Variation of normalised pore water pressure with 
Degradation index and OCR (after Matasovic and Vucetic 1995) 
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(a) 
 
 
 
 
 
 
 
 
 
 
(b) 
Figure 2.10 : Evolution of degradation index with number of cycles for (a) stress 
controlled (after Zhou and Gong 2001) and (b) strain controlled conditions (after 
Subramaniam and Banerjee 2013)  
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2.3.4 Grain size 
The effect of grain size on the mechanical behaviour of soil under monotonic and 
cyclic loading has been investigated by several researchers (Jafari and Shafiee 2004, 
Soltani-Jigheh and Soroush 2010). The undrained behaviour of composite clay where 
sand and gravel were mixed with kaolin was studied by Jafari and Shafiee (2004) in 
strain controlled triaxial tests; they found that the increment of pore water pressure in 
sand-kaolin and gravel-kaolin mixtures under monotonic loading was similar under 
constant confining pressure (Figure 2.11). Therefore, the grain size of soil does not 
seem to have much influence on the development of pore water pressure under 
undrained monotonic loading. To support this result, Soltani-Jigheh and Soroush 
(2010) noted that the grain size had no significant effect on the generation of pore 
water pressure in clay-granular material mixtures under cyclic loading and with a 
confining pressure of 100kPa. Moreover, the degradation index (δ) was also 
independent of the grain size of the clayey soils during cyclic triaxial tests (Figure 
2.12). In Figure 2.12 the sand, gravel and clay are denoted by S, G and T respectively 
while the percentage of volumetric clay in the specimen is denoted by numbers. 
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Figure 2.11 : Effect of grain size on the generation of pore water pressure (after 
Jafari and Shafiee 2004)  
Figure 2.12 : Effect of grain size on the degradation and pore water pressure 
(after Soltani-Jigheh and Soroush 2010) 
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2.3.5 Cyclic Stress Ratio (CSR) 
Numerous researchers (Seed et al. 1955, Larew and Leonards 1962, Sangrey et al. 
1969, Andersen 1976, Yasuhara et al. 1982) have indicated that soft clay performs 
differently under static and cyclic loading. They mentioned that when the cyclic 
stress is lower than the static stress, there is more deformation and excessive pore 
water pressure than with the same level of static load. The critical level of cyclic 
stress is defined as the minimum level that can lead to failure. The effective stress 
will reach the failure surface and give non recoverable deformation if the repeated 
load is above the critical level (Larew and Leonards 1962). Moreover, Sangrey et al. 
(1969) showed that the excess pore water pressure and axial strain were higher under 
cyclic loading than static loading. They also mentioned that when the cyclic stress 
level was below the critical stress level, a non-failure equilibrium condition was 
reached and closed hysteresis loops were obtained during the following loading and 
unloading process. The stress value is considered as the threshold value at which 
failure of the soil is expected to occur by reaching failure yield surface. 
Researchers have used the Cyclic Stress Ratio (CSR) as a tool to show the level of 
cyclic stress without using the absolute value (Brown et al. 1975, Andersen 1976, 
Zhou and Gong 2001); it is the ratio between the maximum cyclic deviator stress 
(qcyc) and the undrained static deviator stress at failure (qu,static), as shown below: 
 
𝐶𝑆𝑅 =
𝑞𝑐𝑦𝑐
𝑞𝑢,𝑠𝑡𝑎𝑡𝑖𝑐
          (2.6) 
 
Andersen (1976) showed that even though the level of cyclic stress was less than the 
failure static load, the failure surface was reached after a certain number of cycles.  
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Figure 2.13 shows the stress path for static and cyclic loading where the cyclic 
loading path is from point a to d to e, and the static stress path is from point a to d to 
g. This figure shows that repeated loading can lead to failure even at a lower stress 
level.  
 
 
 
 
 
 
 
 
 
 
 
 
Since the static deviator stress at failure has no meaning unless the confining 
pressure is stated, Seed and Idriss (1971) defined the CSR as the ratio between the 
mean cyclic deviator stress (qcyc/2) and initial effective confining pressure (’v0).  
 
𝐶𝑆𝑅 =  
(𝑞𝑐𝑦𝑐/2)
𝜎′𝑣0
  =
𝑞𝑐𝑦𝑐
2𝜎′𝑣0
         (2.7) 
Zhou and Gong (2001) observed that the number of cycles required for soft soil to 
reach failure decreased with the increase in the cyclic stress ratio. They also 
Figure 2.13 : Stress paths for triaxial tests with one way cyclic and static loading 
(after Andersen 1976) 
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mentioned that axial strain increased and the soil stiffness decreased faster under 
higher cyclic stress ratios (Figures 2.14 and 2.15). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.14 : Effect of cyclic stress ratio on axial strain 
(after Zhou and Gong 2001) 
Figure 2.15 : Effect of cyclic stress ratio on degradation 
(after Zhou and Gong 2001) 
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2.3.6 Frequency  
It is well known that the rate of loading influences the stress-strain characteristics of 
clay. Several researchers have studied the response of soil under various loading 
rates (Casacrande and Wilson 1951, Richardson and Whitman 1963, Thiers and Seed 
1969, Lee and Focht Jr 1976, Lefebvre and Pfendler 1996, Lefebvre and Leboeuf 
1987, Zhou and Gong 2001, Kutter and Sathialingam 1992, Mortezaie and Vucetic 
2013b, Jiang et al. 2010).  
 
Casagrande and Wilson (1951) performed sustained loading tests on clay at constant 
water content and various loading rates (one increment per minute, per 40 minutes, 
per 4 days) to achieve the same stress level. A slow loading rate (one increment per 4 
days) gave more strain increment from their experimental stress-strain curves. They 
also showed that the secant modulus of deformation decreases with decreasing 
loading rate.   
 
Tests with a fast rate of loading in undrained conditions resulted in less pore water 
pressure generation than tests with a slow rate of loading, as Figures 2.16 and 2.17 
show (Richardson and Whitman 1963). The same behaviour occurred under 
monotonic loading conditions, as reported by Lefebvre and Leboeuf (1987) and 
Rattley et al. (2010). Thiers and Seed (1969) also showed that a 1 Hz rectangular 
loading pulse weakened clay more than a rectangular 2 Hz pulse. They hypothesised 
that soft soil creeps under sustained loading such as a low rate of loading. Therefore, 
more creep leads to more strain, which leads to failure in clay. According to 
Yasuhara et al. (1982), the dynamic undrained strength of clay was not significantly 
affected by frequency. Mortezaie and Vucetic (2013a) recently presented the results 
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of cyclic simple shear tests on normally consolidated kaolinite clay with a PI=28, 
where a low rate of loading resulted in a higher pore water pressure than a higher rate 
of loading. However, there was no significant change in the cyclic strength of sand 
due to the changes in frequency (Lee and Focht Jr 1976).   
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Figure 2.16 : Evolution of excess pore water pressure with strain under different 
rates of loading (after Richardson and Whitman 1963) 
Figure 2.17 : Effective stress paths under different rates of loading (after 
Richardson and Whitman 1963) 
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Lefebvre and LeBoeuf (1987) tested normally consolidated clays under monotonic 
and cyclic loading conditions and found more excess pore water pressure was 
generated with a low strain rate of loading. They also showed that the effective peak 
strength envelope decreases with a decreasing rate of strain, and this affects the 
resistance of the clay skeleton by a fatigue phenomenon. Similar results were 
obtained by Jiang et al. (2010) who found that the axial strain and excess pore 
pressures were higher when the time per loading cycle increased. Using a direct 
simple shear test program, Lefebvre and Pfendler (1996) found there was a 
significant increase in the undrained shear strength of soft clay with the strain rate 
increment, and therefore the decreasing shear strength associated with cycling can be 
partially compensated by a high strain rate cyclic loading. They also showed that the 
undrained shear strength increased about 12% per log cycle of strain rate.  
 
Zhou and Gong (2001) indicated that soil degradation varies with loading frequency. 
They observed that under constant cyclic stress ratio, normally consolidated soil 
degraded more when subjected to low frequency loading. As shown in Figure 2.18, 
clay samples under low frequency loading failed within less cycles compared to 
samples under high frequency loading.  
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2.4 Principal Stress Rotation (PSR) 
2.4.1 Importance of Principal Stress Rotation (PSR) 
The most challenging uncertainties in geotechnical engineering lead to unpredictable 
effects of cyclic loading; this affects the safety of offshore structures due to the effect 
of sea waves, the stability of infrastructure due to earthquakes, and the settlement and 
mud pumping of railway embankments due to moving train loads. Unfortunately, an 
important feature of soil behaviour under cyclic loading is missing from most 
previous researches, i.e., the continuous rotation of principal stress direction. The 
complexity associated with the loading and the preparation of test samples are the 
most important reasons why this important behaviour is often omitted. Since the 
major and minor principal stress directions change with loading, conventional 
devices such as the triaxial, true triaxial and simple shear apparatuses cannot 
Figure 2.18 : Effect of frequency on degradation index δ (after 
Zhou and Gong 2001) 
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accommodate this effect. Figure 2.19 shows how the principal stress direction 
changes while the wheel load moves. 
 
 
 
 
 
 
 
 
 
 
 
2.4.2 Application of existing experimental devices 
2.4.2.1 Static / Dynamic Simple Shear Apparatus 
While a static simple shear device simulates the condition of in-situ soil when a 
retaining wall or embankment are in a failure state (Figure 2.20), the dynamic 
apparatus represents the in-situ condition of soil during a vertically propagating shear 
wave well. Cyclic liquefaction due to a vertically propagating shear wave is often 
studied using this dynamic simple shear device. 
𝜎3 
Wheel load 
𝜎3 
Wheel load Wheel load 
Initial  Initial  
𝜎x 
𝜎y 
𝜎z 
𝜎1 
𝜎2 
𝜎3 
α 
β 
ϒ 
𝜎x+Δ𝜎x  
𝜎y+Δ𝜎y 
𝜎z+Δ𝜎z 
𝜎1f 
𝜎2f 𝜎3f 
α1 
β1 
ϒ
1 
Final  Final  
Figure 2.19 : (a) 2-D and (b) 3-D representation of in-situ soil condition with PSR 
(b) 
(a) 
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Figure 2.20 : In-situ failure representations of (a) embankment and 
(b) retaining wall (after Dulla 2016) 
 
(a)        (b)   
 
 
The normal and shear stresses are applied on horizontal planes of the soil samples. 
Even though there are two types of simple shear devices, the Norwegian 
Geotechnical Institute (NGI) and the Cambridge type, typically vertical normal 
stress, horizontal shear stress, axial strain and shear strain are measured with either. 
A steel reinforced rubber membrane in the NGI type apparatus confines the 
cylindrical specimen laterally, and six rigid faces confine the cuboidal specimen in 
the Cambridge apparatus, as Figure 2.21 shows. 
 
  
 
 
 
 
 
(a) 
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Figure 2.21 : (a) Cambridge and (b) NGI simple shear devices 
(after Budhu 1984) 
 
 
 
 
 
 
 
 
Regardless of the type of device, the plain strain condition is generally maintained 
(except when the sample is subjected to large strains in the NGI apparatus) which is 
representative of most geotechnical engineering problems. Unlike the triaxial tests, 
according to the mechanical characteristics of the soil, the horizontal normal stresses 
are mobilised instead of being applied externally. The cyclic simple shear device is 
capable of rotating the orientation of the principal stresses from -45 to +45 to the 
vertical, but the variations in the magnitude and rotation angle of the principal 
stresses are unknown and uncontrollable.  Therefore, this equipment is not suitable 
for fundamental investigation of the effect of principal stress rotation (e.g. induced 
by sea waves, train loads, earthquakes, etc.) on soil behaviour. 
 
 
(b) 
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2.4.2.2 Static / Dynamic Triaxial or True Triaxial Apparatus  
Static triaxial apparatus is the simplest device in terms of stress path and sample 
preparation. This device is widely used to investigate the mechanical properties and 
the behaviour of soil under different stress paths. The typical range of ratios between 
the height and diameter of cylindrical soil samples are from 2 to 2.2. The soil 
samples are wrapped with rubber membranes and then a porous disk is placed on the 
top and bottom with filter paper in between to prevent the particles from clogging the 
porous disk. Triaxial test samples are sheared by increasing the vertical stress while 
maintaining the horizontal or confining pressure that is applied by water pressure. 
Even though compression tests are more commonly conducted in a triaxial device, 
extension tests are also carried out, but regardless of the type of test, the intermediate 
and minor principal stresses (𝜎2 and 𝜎3, respectively) have the same value and are 
constant throughout the test, representing an axisymmetric stress state condition. The 
failure surface of the sample is not predetermined like the direct shear test, where the 
failure plane is always horizontal. The big advantage of a triaxial test is that soil 
properties define its failure surface. The direction of principal stresses can suddenly 
vary from 00 to 900 when the compression load changes to an extension load (Figure 
2.22).  
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Figure 2.22 : Triaxial loading condition (a) compression (b) extension 
 
 
  
 
 
(a) 
 
 
 
 
 
(b) 
 
 
Even though this device can suddenly change the principal stress direction from 00 to 
900 while maintaining an axisymmetric stress state, it does not simulate actual field 
conditions where the principal stress direction changes smoothly. Since the σ2 and σ3 
principal stress directions are always constant, it does not allow to control / change 
the intermediate principal stress ratio [b = (𝜎2-𝜎3) / (𝜎1-𝜎3)] which is zero in this 
device, thus 𝜎2 and 𝜎3 will not be equal to in-situ soil conditions. A true triaxial 
apparatus enables to control the magnitude of the three principal stresses 
independently, and a different intermediate stress can be obtained by changing the 
𝜎c 
𝜎c 
+𝜎de
𝜎2 = 𝜎3 
𝜎1 
𝜎c 
𝜎c 
-𝜎dev 
𝜎1 
𝜎2 = 𝜎3 
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Figure 2.23 : Stress representation of ring shear apparatus 
(after Bishop et al. 1971)  
magnitude of the principal stress. However, this device cannot continuously vary the 
principal stress direction and intermediate principal stress ratio (Wood 1975). 
2.4.2.3 Static / Dynamic Torsional Ring Shear Apparatus 
There are some situations where soil can slide in large deformations. It is hard to 
determine the shear strength of the soil after experiencing large shear strains using 
triaxial or conventional shear apparatus. A torsional ring shear device (Figure 2.23) 
was developed in 1979 to allow for such large measurements. Here, inner and outer 
rings support a ring-shaped sample laterally with annular porous ceramic plates on 
the top and bottom. The upper half of the ring is rotated while the lower half is 
mounted on base under an applied normal stress on top, and then shearing stress 
develops between these half rings. The non-uniform strain and stress distributions, 
soil extrusion and wall friction are some of the issues associated with this apparatus.  
 
 
 
 
 
 
An advanced modification of this apparatus is its dynamic motion, but since this can 
only be applied laterally there is no possible way of inducing principal stress rotation 
in this apparatus.  
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2.4.3 Hollow Cylinder Testing (HCT) 
2.4.3.1 Features and principles of Hollow Cylinder testing 
The Hollow Cylinder apparatus (HCA) is a versatile piece of equipment that can 
apply a complex state of stresses on a soil sample so it is used to determine the 
mechanical behaviour of soil under different generalised stress paths. As the name 
implies, soil samples must be hollow cylinders and have different inside and outside 
diameters.  A hollow sample is covered with rubber membranes inside and out and 
then porous ceramic plates with fins are placed on the top and bottom of the sample. 
Internal and external pressure is applied by fluid pressure that is controlled 
independently with a pressure controller; the axial stress and torsional (shear) stress 
are also controlled individually. The principal stresses in three directions (𝜎1, 𝜎2 and 
𝜎3) and the orientation of major principal stress with the vertical (α) can be 
controlled separately because the four other stresses (inner, outer, axial and shear 
stresses) are also controlled independently. The variation of pore water pressure can 
also be measured continuously. 
The anisotropy of the soil sample, the effects of principal stress rotation and the 
effects of intermediate principal stress can be studied using this device where a plain 
strain condition is maintained in most of the stress controlled tests. Since the axial 
strain (εz), radial strain (εr), circumferential strain (εƟ) and shear strain (𝛶Ɵz) are 
directly measured, the principal strains (ε1, ε2 and ε3) can be calculated from those 
readings. Likewise, the principal stresses (𝜎1, 𝜎2 and 𝜎3) can be calculated using the 
direct readings of axial stress (𝜎z), radial stress (𝜎r), circumferential stress (𝜎Ɵ) and 
shear stress (Ɵz) during the test. Since the inner and outer pressures are applied 
through flexible membranes there are no shear stresses acting on the vertical walls. 
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Moreover, if the effects of end restraint are neglected, no shear stresses are induced 
on circumferential surfaces throughout the wall, so the radial stress is always one of 
the principal stresses.  
2.4.3.2 Analysis of stress and strain on hollow cylindrical soil samples 
Various stresses act on an element of the wall in a hollow cylindrical (HC) specimen, 
but since the HC sample is wide and deep, it becomes necessary to work in terms of 
average stresses and strains. A schematic diagram of the hollow cylindrical sample 
and the stresses and strains on a soil element are shown below (Figure 2.24). The 
induced stresses and corresponding strains are given by Equations 2.8 to 2.11 and 
2.12 to 2.15, respectively (Hight et al. 1983). 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.24 : Schematic diagrams of (a) loads on a hollow cylindrical 
sample, (b) stresses on an element and (c) principal stresses on an element 
(after Hight et al. 1983) 
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Axial stress σz          (2.8) 
     
Radial Stress σr          (2.9) 
 
Circumferential stress σƟ         (2.10) 
 
Shear stress 𝜏Ɵz          (2.11) 
 
Axial strain εz          (2.12) 
 
Radial strain εr          (2.13) 
 
Circumferential strain εƟ         (2.14) 
 
Shear strain 𝛶Ɵz          (2.15) 
 
The stresses and strains on the soil sample can be converted to principal stresses and 
principal strains by the following equations (Yang 2013). 
 
 
 
 
𝜎𝑟 =
(𝑃0𝑏 + 𝑃𝑖𝑎)
(𝑏 + 𝑎)
 
𝜎Ө =
(𝑃0𝑏 − 𝑃𝑖𝑎)
(𝑏 − 𝑎)
 
𝜏Ө𝑧 =
3𝑀𝑇
2𝜋(𝑏3 − 𝑎3)
 
Ɛ𝑟 = −
(𝑈0 − 𝑈𝑖)
(𝑏 − 𝑎)
 
ƐӨ = −
(𝑈0 + 𝑈𝑖)
(𝑏 + 𝑎)
 
𝛶Ө𝑧 =
2Ө(𝑏3 − 𝑎3)
3𝐻(𝑏2 − 𝑎2)
 
Ɛ𝑧 =
𝛥𝐻
𝐻
 
𝜎𝑧 =
𝑊
𝜋(𝑏2 − 𝑎2)
+
(𝑃0𝑏
2 − 𝑃𝑖𝑎
2)
(𝑏2 − 𝑎2)
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Principal stresses 
            (2.16) 
 
            (2.17) 
 
            (2.18) 
 
Principal strains 
            (2.19) 
 
            (2.20) 
 
            (2.21) 
 
where a and b are the inner and outer radius of the specimen respectively, and Ɵ and 
H are the angle of rotation and the height of the specimen, respectively.  
In the HCA, the direction and magnitude of the three principal stresses can be 
controlled independently, and this has a significant effect on soil behaviour under a 
general stress path. That change in magnitude can be evaluated using the 
Intermediate principal stress ratio (b): 
            (2.22) 
𝑏 =
(𝜎2 − 𝜎3)
(𝜎1 − 𝜎3)
 
𝜎1 =  
(𝜎𝑧 +  𝜎𝑟) 
2
 +  √(
𝜎𝑧 −  𝜎𝜃
2
)2 + 𝜏Ө𝑧2 
Ɛ3 =  
(Ɛ𝑧 +  Ɛ𝑟) 
2
 −  √(
Ɛ𝑧 −  Ɛ𝑟
2
)2 + 𝛶Ө𝑧
2
 
𝜎3 =  
(𝜎𝑧 +  𝜎𝑟) 
2
 −  √(
𝜎𝑧 −  𝜎𝜃
2
)2 + 𝜏Ө𝑧2 
Ɛ1 =  
(Ɛ𝑧 +  Ɛ𝑟) 
2
 +  √(
Ɛ𝑧 −  Ɛ𝑟
2
)2 + 𝛶Ө𝑧
2
 
𝜎2 = 𝜎𝑟  
Ɛ2 = Ɛ𝑟  
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Table 2.1 : Specimen geometry by different researchers 
Reference Sample Dimension 
(mm) 
Load Capabilities Subject of 
Investigation 
i.d o.d H Po/Pi W MT 
Broms and 
Casbarian 
1965 
76 127 254 yes yes yes Effect of PS direction 
and magnitude on 
shear strength of clay 
Saada and 
Baah (1967) 
51 71 151 yes yes yes Anisotropy in the 
deformation and 
strength of clay 
Lomize et al. 
(1969) 
250 310 180 yes  yes yes Drained creep under 
3D stress state 
Ishibashi and 
Sherif (1974) 
51 102 13-
25 
yes yes yes Effect of Ko 
liquefaction of sand 
Lade (1975) 180 220 50 Po=Pi yes yes Influence of stress 
reorientation on 
liquefaction of sand 
Ishihara and 
Towhata 
(1980) 
60 100 104 yes yes yes Effect of PSR on 
liquefaction of sand 
Muramatsu 
and Tatsuoka 
(1981) 
60 100 100 Po=Pi yes yes Cyclic undrained stress 
strain behaviour of 
sand 
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Where  
 i.d - inner diameter   Po - outer pressure 
 o.d - outer diameter   Pi - inner pressure 
 H - height    MT - rotational moment 
 W - axial load 
 
2.4.3.3 Stress non-uniformities in hollow cylindrical specimens 
Hight et al. (1983) investigated the non-uniformity of stresses (or strains) across the 
wall of the specimen (Figure 2.25). They said it occurs due to unequal internal and 
external pressures and by applying torque. They introduced some parameters (β1 and 
β3) to describe the level of non-uniformity of the stresses, and while β1 was the ratio 
between the magnitude of the difference of the real (𝜎 ∗̅̅ ̅̅ ) and calculated (𝜎) stress 
average and a measure of the stress level (𝜎L), β3 was the average of the absolute 
values of the differences between the stress distribution and the real average. It was 
considered that the non-uniformity level would be acceptable if β3 is less than 0.11. 
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Figure 2.25 : Stress non-uniformity across the wall (Hight 
et al., 1983) 
 
 
 
 
 
 
 
 
 
 
 
𝛽1 =  
| 𝜎∗̅̅̅̅ − ?̅?|
𝜎𝐿
           (2.23) 
𝛽3 =  
∫ | 𝜎 (𝑟)− 𝜎∗̅̅̅̅ |𝑑𝑟
𝑏
𝑎
(𝑏−𝑎)𝜎𝐿
         (2.24) 
 
By selecting the ratio between the inner and outer radius (ri/re) as 0.8 and the height 
as 254mm, the non-uniform stress across the wall could be reduced by considering 
large number of sand grains across the wall as having a uniform density. It has been 
argued by Hight et al. (1983) that the stress/strain variations could be further reduced 
by keeping the ratio between the outer (po) and inner (pi) pressures within 0.9 to 1.2 
(i.e., 0.9 < po/pi <1.2). 
However, it is considered that this condition is not enough to obtain a uniform stress 
distribution across the wall of the hollow cylindrical sample. Sayao and Vaid (1991) 
Outer wall Inner wall 
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studied stress non-uniformities across the wall and showed that acceptable levels of 
non-uniformity in individual stress components adopted in previous studies can 
cause serious and unacceptable non-uniformity in the stress ratio across the wall, so 
they introduced another parameter (βR) which includes the stress ratio (R = 𝜎’1/𝜎’3) 
of maximum and minimum principal stresses. It has been suggested from their 
studies that maintaining βR equal to or less than 0.2 could reduce the non-uniformity 
across the wall to an acceptable level.  
 
𝛽𝑅 =  
𝑅𝑚𝑎𝑥− 𝑅𝑚𝑖𝑛
𝑅𝑎𝑣
          (2.25) 
 
Non-uniformity across the wall increases with the increment of intermediate 
principal stress ratio (b) and the orientation of major principal stress with the vertical 
axis (α) (Sayao and Vaid 1991, Hight et al. 1983). Sayao and Vaid (1991) showed 
that unacceptable non-uniformity also occurred at every range of b values at α=45, as 
shown in Figure 2.26.  
 
 
 
 
 
 
 
 
(a) 
 
Chapter 2                                                                                            Literature Review 
 
46 
Figure 2.26 : Coefficients of non-uniformity (a) β3 at R = 3 (Hight et 
al. 1983) (b) βR at R = 3 (Sayao and Vaid 1991) 
 
 
 
 
 
 
 
 
 
 
 
 
  
The recommended dimensions for HCT given by Sayao and Vaid (1991) to limit the 
level of non-uniformity are in the following ranges:  
(a) Wall thickness:  re – ri = 20 to 26mm 
(b) Internal radius:   0.65 <= ri /re <= 0.82 
(c) Height:    1.8 <= H/2re <= 2.2 
Regions of non-uniformity were later confirmed by Naughton and O’Kelly (2005) 
with 14.5mm thick hollow cylindrical sample with respect to the major and minor 
principal stress ratio (𝜎1’/𝜎3’). It was suggested that if the effective stress ratio is less 
(b) 
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Figure 2.27 : Non-uniform region proposed by Naughton and O’Kelly (2005) 
than 1.5 there will be no region of non-uniformity for all values of b and α, as shown 
in Figure 2.27. 
 
 
 
 
 
 
 
 
 
 
2.4.3.4 Previous studies using the Hollow Cylinder Apparatus 
Monotonic loading conditions 
Several studies have been carried out on sand under static loading conditions using 
the Hollow Cylinder Apparatus, but only a few have been conducted on clay.  The 
effect of intermediate principal stress, the rotation of the principal stress axes and 
anisotropy on clay have been studied under static loading conditions by researchers 
such as (Broms and Casbarian 1965, Mayne and Holtz 1985, Hicher and Lade 1987, 
Hong and Lade 1989, Prashant and Penumadu 2005, Jian and Changjie 2014, Roscoe 
and Burland 1968, Arthur and Menzies 1972, Lin and Penumadu 2005).  
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Broms and Casbarian (1965) tested remoulded kaolinite clay to determine the effect 
of rotation of the principal stress axes and the intermediate principal stress under 
undrained conditions. They observed that the pore pressure coefficient (Af) at failure 
increased with the angle of rotation up to 45 and decreased to its initial value as the 
angle of rotation increased further. However, the increment in the pore pressure 
coefficient with the intermediate principal stress ratio was approximately linear. The 
deviator stress decreased as the angle of rotation increased up to 45, but then it 
increased again as the angle of rotation increased. The increment of intermediate 
principal stress ratio reduced the maximum deviator stress except showing small 
increments at their initial values.  
The effect that the stress rotation has on the undrained strength of several natural and 
artificial soils has been studied by (Mayne and Holtz 1985). The authors observed 
that the ratio between the undrained strength in extension and compression was 
generally higher in isotropic consolidated natural clays and anisotropic artificial 
clays than anisotropic natural clays. Hicher and Lade (1987) carried out monotonic 
tests on K0-consolidated clays with and without principal stress rotation (torsion 
shear tests and cubical triaxial tests, respectively) and under undrained conditions. 
Pore water pressure and strength developed faster and reached higher values in tests 
without principal stress rotation, as shown in Figure 2.28. Due to the effect of the 
intermediate principal stress, torsional shear tests revealed a high effective friction 
angle,  (Figure 2.29), so the following equation for the friction angle was suggested:  
sin  =  
3𝑀
6+(1−2𝑏)𝑀
         (2.26) 
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Figure 2.29 : Effective Stress Paths in p' - q Diagram 
(after Hicher and Lade 1987) 
in which, M is the slope of the failure surface in the p' - q diagram and b is the 
intermediate principal stress ratio. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.28 : Stress-strain and pore pressure relations from monotonic torsion shear 
and cubical triaxial tests on K0-consolidated clay (after Hicher and Lade 1987) 
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Hong and Lade (1989) examined the stress-strain behaviour of remoulded K0-
consolidated Kaolinite clay to investigate the influence of rotation of principal stress 
directions under drained and undrained conditions. When shear and axial stresses 
were applied, coupling effects between axial strain and shear stress and between 
shear strain and axial stress were observed in most cases. The effect that the rotation 
of principal stresses has on the behaviour of Kaolin clay has been studied by 
subjecting the specimens to a variety of stress paths associated with a constant 
principal stress rotation angle under isotropic-consolidated undrained conditions (Lin 
and Penumadu 2005). The development of excess pore water pressure was higher 
when the angle of rotation decreased under the same initial confining pressure 
(Figure 2.30). 
Prashant and Penumadu (2005) examined how the intermediate principal stress ratio 
(b) affected the strength and pore pressure response of normally consolidated kaolin 
clays. The authors compared the data obtained from true triaxial tests, axial-torsional 
tests and conventional triaxial tests using cubical, hollow cylinder and solid cylinder 
specimens, respectively. While the cubical specimens were tested at different b 
values and a zero angle of rotation, the hollow cylinders were tested under the same 
b value and different angles of rotation; they found that the maximum deviator stress 
decreased as the b values increased, but there were no significant differences in the 
evolution of pore water pressure (Figure 2.31). While the hollow cylinder specimens 
HC2, HC3 and HC4 were subjected to fixed principal stress rotation angles of 30, 
45, and 60, the angle of rotation for cubical samples T2, T3, and T4 was zero, so 
the principal stress ratios were 0.25, 0.50, and 0.75 for HC2 and T2, HC3 and T3, 
and HC4 and T4, respectively. 
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Figure 2.31 : Stress–strain and pore pressure response from tests on cubical and HC 
specimens (b = 0.25, 0.50, and 0.75) (after Prashant and Penumadu 2005) 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
Figure 2.30 : Evolution of excess pore pressure with fixed angles of rotation 
(after Lin and Penumadu 2005) 
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The anisotropic shear strength of highly over consolidated natural Bangkok (BKK) 
clay has been analysed using the Hollow cylinder apparatus (Yimsiri et al. 2011). 
The minimum shear strength occurred when the angle of rotation was between 45-
67 at a constant b value (b=0.5). Moreover, the degree of anisotropy seemed to 
increase with depth. The degradation of stiffness and the stress-strain-strength 
behaviour of Bangkok clay has been studied through a series of undrained torsion 
shear hollow cylinder tests under different principal stress directions and various 
magnitudes of the intermediate principal stress ratio, b (Arthur and Menzies 1972). 
For b values of 0, 0.5, and 1 the normalised octahedral shear stiffness and normalised 
undrained shear strength were lower when the angle of rotation was equal to 45 
compared to 0 and 90 (Figures 2.32 and 2.33). They concluded from these findings 
that Bangkok clay shows anisotropic  behaviour under stress rotation.  
Zhou and Xu (2013) studied the development of strain and pore water pressure in 
soft clay under principal stress rotation and monotonic loading conditions such as a 
fixed direction of principal stress, a pure rotation test, and clockwise and anti-
clockwise tests. The value of intermediate principal stress ratio (b) was kept at 0.5 
for all tests. While the pore water pressure was influenced by the variation of q and 
the angle of rotation, there was a considerable variation in with axial, circumferential 
and torsional strains with intermediate principal stress ration and angle of rotation, 
but there was little change in the radial strain with a constant angle of rotation.  With 
a constant deviator stress there was a continuous increment in pore water pressure as 
the angle of rotation increased; this behaviour could be described by the following 
equation:  
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𝑑𝑢 = 2√6𝜂𝑞0𝑑𝛼         (2.27) 
Where 
 du - change in pore water pressure  
  - pore water parameter in a pure rotation 
 qo - initial shear stress 
 dα - change in rotation angle 
 
Anti-clockwise rotation resulted in higher pore water pressure increment than clock-
wise rotation, as shown in Figure 2.34, which indicates that the direction of rotation 
also affects the accumulation of pore water pressure.   
 
 
 
 
 
 
 
 
 
Figure 2.32 : Effects of α and b on Goct/Po’ 
(after Arthur and Menzies 1972) 
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Figure 2.33 : Effects of α and b on Su/Po’ (after 
Arthur and Menzies 1972) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.34 : Effect that clockwise and anti-clockwise rotations have 
on the development of pore water pressure (after Zhou et al. 2013) 
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Cyclic loading conditions 
Several studies have been carried out on hollow cylindrical soil samples under cyclic 
principal stress rotation, but only a  few researchers have investigated the behaviour 
of soft clay under continuous rotation of the principal stress direction and under 
cyclic loading because samples are difficult to prepare (Hicher and Lade 1987, Gräbe 
and Clayton 2009, Gräbe and Clayton 2013, Lin 2010, Zhou et al. 2012, Xiao et al. 
2013, Cai et al. 2017, Qian et al. 2014). Only important findings from tests 
conducted on sand under continuous principal stress rotation (PSR) during cyclic 
loading (Ishihara et al. 1985, Shibuya and Hight 1989, Sivathayalan et al. 2011, 
Sivathayalan et al. 2014) are described here. 
Cyclic loading tests involving continuous rotation of the direction of principal stress 
have been carried out on compacted Toyoura sand at different densities (Ishihara et 
al. 1985). A K0-consolidated condition was used to simulate the wave-induced stress 
conditions on seabed deposits. It was suggested that the cyclic strength of soil could 
be influenced by the initial stress ratio K0.  
Under undrained conditions, the pore water pressure increased as the angle of 
rotation increased when contionous principal stress rotation was applied to loose 
sand (Shibuya and Hight 1989). As Figure 2.35 shows, the rate of pore water 
pressure increase in test C11 was higher than in C7, even though both of them had 
the same amplitude of principal stress rotation (90) with C7 performed at +/- 45 to 
the vertical line and C11 performed at 0-90. For test C12 which was performed at 
+/- 90, the pore water pressure increment was higher than in test C7.  
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Figure 2.35 : Accumulation of pore water pressure with number of cycles for different 
patterns of cyclic principal stress rotation (after Shibuya and Hight 1989) 
 
 
 
 
 
 
 
 
 
The liquefaction of sand under cyclic loading was studied by Sivathayalan et al. 
(2011) using reconstituted hollow cylindrical samples. When a cyclic load was 
applied with a smooth change of principal stress direction between -30 and +30 in 
loading and unloading, the soil liquefied within less cycles as the cyclic stress ratio 
(CSR) was increased, as shown in Figure 2.36a (where #1, #6 and #7 are the test 
numbers). By keeping the CSR=0.15, the resistance to liquefaction was analysed by 
varying the angle of rotation in different tests. The soil failed quickly when the 
angles of rotation were 45 and 60 (Figure 2.36b) (where #1, #2, #3, #4 and #5 are 
test numbers), so they concluded that cyclic simple shear tests would not give unsafe 
results. Furthermore, the influence of either a sudden jump rotation or continuous 
rotation is limited compared to the magnitude of stress rotation (Sivathayalan et al. 
2014).  
 
Chapter 2                                                                                            Literature Review 
 
57 
Figure 2.36: (a) Variation of the number of cycles to liquefaction with CSR for samples 
under ± 30° principal stress rotation about the vertical axis (b) variation of the number of 
cycles to liquefaction with angle of rotation in samples under CSR = 0.15 (after 
Sivathayalan et al. 2011) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
(a) 
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Figure 2.37 : Comparison of pore pressures measured in cyclic torsion 
shear and cubical triaxial tests (after Hicher and Lade 1987) 
The effect of principal stress rotation on consolidated anisotropic clay was tested in 
cyclic torsion shear and cubical triaxial devices under undrained conditions (Hicher 
and Lade 1987). The principal stress ratio was kept at 0.5 for the loading conditions 
in both devices. As Figure 2.37 shows, the pore water pressure increased with 
increasing cyclic stress ratio, regardless of the rotation of principal stresses, and two 
way loading involving principal stress rotation induced higher pore water pressure 
than one way loading. At the same CSR, the pore pressure increment was higher with 
PSR (in the torsional shear apparatus) than without PSR (in the cubical triaxial 
apparatus). The  for this study was defined as the ratio between qcyc-qo and qmax-qo. 
Where q is the deviatoric stress at the Ko stress state, qcyc maximum value of q and 
qmax maximum value of q in the monotonic test.   
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Grabe and Clayton (2009) carried out a finite element analysis and found that typical 
loading conditions under rail track foundations would be 90 phase difference 
between vertical and shear loadings. They then used those loading conditions to test 
remoulded and overconsolidated mixtures of sand, silt and clay with an OCR of 15, 
at a slow rate (one cycle per minute) of cyclic loading. Regardless of the percentage 
of clay in the soil mixture, the loadings with principal stress rotation developed more 
permanent deformation than the loadings without principal stress rotation, as shown 
in Figure 2.38. They also investigated the effect of PSR on the resilient modulus of 
soil under cyclic loading (Gräbe and Clayton 2013). An equivalent resilient Young 
modulus (Eeq) was plotted over the number of cycles for tests with and without PSR 
(Figure 2.39). Regardless of the soil mixture, the Eeq value was lower when they 
were subjected to principal stress rotation. 
The effect of PSR induced by traffic loads on normally consolidated  soft clay with 
medium plasticity has been studied by (Xiao et al. 2013). As observed in previous 
studies, the same trend occurred in terms of the development of plastic deformation 
and excess pore water pressure. Under the same maximum effective principal stress 
ratio, max (max=𝜎’1/𝜎’3) and frequency, the increments of normalised pore water 
pressure and axial cumulative strain were higher for the loading involving PSR, 
compared to those without PSR. In terms of the development of permanent  
settlement, the outcomes from the research by Cai et al (2017) also showed the same 
trend.  In fact, when the soil samples were subjected to cyclic triaxial path in the 
triaxial apparatus, the vertical strain was low compared to the values induced by 
cardioid-shaped stress path in the hollow cylinder apparatus.       
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Figure 2.39 : Variation of Resilient modulus during 1,000 loading cycles 
(after Gräbe and Clayton 2013) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.38 : Permanent deformation of different soil mixtures as a result of 
cyclic loading with and without principal stress rotation (after Gräbe and 
Clayton 2009) 
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The effect of frequency and cyclic stress ratio during continuous principal stress 
rotation has been evaluated on soft clay under undrained conditions (Zhou et al. 
2012). Two way cyclic loading with rotation angles from 0-180 were adopted in 
this study. Test results revealed that a lower frequency and higher cyclic stress ratio 
led to higher increments of strain and excess pore water pressure. Figure 2.40a shows 
that a lower frequency loading (0.05Hz) failed the soil after a smaller number of 
cycles than a higher frequency loading of 0.2Hz. A loading with higher stress values 
weakened the soil after a few cycles as shown in Figure 2.40b. Qian et al. (2014) 
noted the same trend, and indicated that a higher cyclic stress ratio induced more 
axial strain along the number of cycles under heart-shaped traffic loadings.        
 
 
 
 
 
 
 
 
 
(a) 
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Figure 2.40 : Effect of (a) frequency and (b) cyclic stress ratio  on the development of 
pore pressure under continuous principal stress rotation (after Zhou et al. 2012) 
 
 
 
 
 
 
       
          
 
The different patterns of geometrical arrangements at a micro level can also 
influence the mechanical behaviour of soil under cyclic loading involving principal 
stress rotation. Lin and Penumadu (2010) carried out combined axial-torsional tests 
with a fixed principal rotation angle (β) on flocculated (where particles were 
randomly oriented) and dispersed (where particles were horizontally alligned) clay 
samples. They noted that the development of residual strain and excess pore pressure 
was higher with flocculant soil than dispersed soil. The stiffness of both micro 
structured soils degraded more with fixed angles β=0 and 90 compared to stress 
paths with fixed angles β=30, 45 and 60. However, a linear degradation was 
observed for flocculated soils, whereas the dispersed soils suddenly failed after a 
number of cycles by showing a bilinear trend (Figure 2.41).  
(b) 
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Figure 2.41 : Effect of a fixed rotation angle (β) on Young’s modulus for (a) 
flocculated and (b) dispersed material (after Lin 2010) 
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2.5 Summary 
Chapter 2 presented a detailed literature review of the behaviour of soft subgrade soil 
where the influence of the confining pressure, plasticity index, over consolidation 
ratio, grain size, cyclic stres ratio and frequency on the development of axial strain 
and excess pore water pressure and degradation of initial resilient modulus over the 
number of cycles were addressed.  
The importance of the principal stress rotation during cyclic loading and how it 
affects the behaviour of soil was discussed, and the advantage of the hollow cylinder 
apparatus and how it differs from the conventional devices were specified. The 
limitations of the loading application and optimum specimen sizes were discussed 
based on previous studies, and critical findings from past studies performed mostly 
on clay  using the hollow cylinder apparatus were presented. 
To better understand the behaviour of soft soil in a railway foundation, the general 
stress path to simulate railway loadings and the principal stress rotation must be 
considered.
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Chapter 3 Main Testing devices and their 
principles  
3.1 Introduction  
The development of plastic deformation and pore water pressure and the degradation 
of resilient modulus on soft soil are greatly influenced by the loading magnitude, 
frequency and the number of cycles (Indraratna et al. 2011a, Vucetic and Dobry 
1988); and the rotation of principal stress directions also affects soil behaviour as the 
number of cycles increases (Xiao et al. 2013, Gräbe and Clayton 2009, Prashant and 
Penumadu 2005). The inconsistency between the actual stress paths in a track 
foundation and the stress path used in a specimen tested using conventional triaxial 
apparatus leads to misleading experimental stress-strain responses due to limitations 
associated with load application. This is why advanced testing apparatus is needed to 
perform more complex stress paths in order to obtain more insightful and tangible 
practical outcomes to geo-mechanical problems.  
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In this study, a series of cyclic loading tests were carried out using two types of 
apparatus: (i) a conventional Cyclic Triaxial Apparatus, and (ii) a Dynamic Hollow 
Cylinder Apparatus (DYNHCA). These devices were developed by GDS Instruments 
Ltd. The design and operating principles of both devices, including a description of 
the components, technical details and data acquisition are described in this chapter, 
complemented by photographs and diagrams. 
3.2 Cyclic Triaxial Apparatus 
The cyclic triaxial apparatus is a conventional soil testing equipment that is widely 
used to measure the mechanical properties of soils under specific stress path, because 
the method of testing is comparatively simple with respect to other tests. The 
components of this device, their technical limitations and the software control are 
discussed in this section as follows. 
3.2.1 Device components  
The device used for this research was developed by GDS Instruments Ltd and is 
termed as a GDSTTS. It consists of a triaxial base, a cell top, and a load cell with 
actuator that is capable of applying cyclic axial loads at dynamic frequencies, but 
also capable of applying large axial strains to test specimens at specific dynamic 
frequencies. Given the power required to move a loading actuator is proportional to 
the loading frequency squared, dynamic cyclic triaxial load frames tend to be larger 
and more advanced than those required for static triaxial testing. It can accommodate 
samples with different diameters by changing the triaxial base; e.g., samples of solid 
cylindrical soil 38mm and 50mm diameter by 76mm and 100mm high, respectively.   
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The cell top is used to hold de-aired water with the soil sample. A load cell is 
connected onto the cell top and fixed with an electro-mechanical actuator that can 
apply static and dynamic loadings. The cell is pressurised with water that is 
controlled by air through a valve on top of the cell. Back pressure is applied and 
controlled at the bottom base by water, and pore pressure is measured at the bottom 
of the soil sample. 
A schematic diagram and an image of the Triaxial Apparatus at the University of 
Wollongong are shown in Figure 3.1 and Figure 3.2, respectively. It also includes 
pressure controllers and a host computer.   
 
 
 
 
 
 
 
 
 
 
 
Figure 3.1 : Schematic diagram of the cyclic triaxial apparatus 
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3.2.2 Technical limitations  
3.2.2.1 Axial Load 
The load cell used in this research has a maximum capacity of 5kN. The axial load is 
applied via an electro-mechanical actuator, which can apply positive (downward) and 
negative (upward) forces via a proper connector in the top cap. Regardless of the use 
of displacement or load control, the maximum frequency that can be achieved is 5Hz. 
Since this device is specified in terms of displacement control, the sensitivity of the 
axial encoder is as high as 0.00020833 mm/count, whereas the sensitivity of the axial 
load is 0.185791 kN/mV. 
 
Figure 3.2 : Image of the cyclic triaxial apparatus 
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3.2.2.2 Pressure control 
The cell pressure is controlled by air while the back pressure is given and controlled 
by GDS hydraulic pressure controllers that can measure any changes in the pressure 
and volume. The pore water pressure is measured at the bottom of the soil sample. 
The volume and maximum pressure of the controllers were 200cc and 2Mpa 
respectively, and the resolutions of changes in the volume and pressure were 1mm3 
and 0.1 kPa respectively. 
3.2.2.3 Cell liquid 
De-aired water was used as cell liquid in this study; it was poured in through the 
bottom until the cell was 7/8th full, and then the remaining volume was filled with 
air to pressurise the whole system. The reason for adding a small volume of air is to 
make the whole system more compressible. Since the axial force is applied 
cyclically, the whole system should be compressed and relaxed cyclically under 
undrained conditions.  
3.2.2.4 System Compliance 
The applied load should comply with the soil being used for the experiments, which 
is why the “stiffness estimate” should have a proper value. An accurate and smooth 
load value can be applied when the proper stiffness estimate is used; and how to 
select the proper stiffness value is described in section 3.3.2.4. 
3.2.2.5 Specimen Dimensions 
As mentioned before, this device can accommodate two types of cylindrical solid soil 
specimens by changing the triaxial base; these samples are 38mm diameter by 76mm 
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high and 50mm diameter by 100mm high. In this study samples of reconstituted 
sandy clay 38mm diameter × 76mm high were used. 
3.2.3 Software Description and Data Acquisition 
The GDSTTS is controlled by the commercial software package GDSLAB 
developed by GDS Instruments Ltd; this software also acquires and stores the 
accumulated test data. It is connected to the back pressure controller and pore 
pressure calibrator to read and store data. With this capacity, basic soil parameters 
such as undrained cohesion (cu), undrained friction angle (ϕu), effective cohesion 
(c’), and effective friction angle (ϕ’) can be evaluated using basic test types such as 
Consolidated Drained test (CD), Consolidated Undrained (CU) and Unconsolidated 
Undrained (UU). Saturation, B-check, and consolidation can be performed in 
different stages under the SATCON module in this device. 
To achieve the targeted cell and back pressures and axial load, the following methods 
can be used:   
• A constant target (immediate increment) 
• A target value with ramp time (e.g 10 units increment in 15 minutes) 
• A sinusoidal cyclic advanced loading condition (e.g cyclic cell and back 
pressure with an amplitude of 20kPa and a period of 2 minutes, and a load 
control with a datum of 10kPa and an amplitude of 10 kPa and a period of 2 
minutes) 
• A continuous hold on the volume (especially for pressure controllers) 
This device can control the axial load and axial displacement via stress and strain 
controlled tests under dynamic loading conditions. Under stress-controlled 
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conditions, the datum, amplitude, and frequency of the load can be selected with a 
proper stiffness estimate in the system with a desired target cell pressure. The 
number of cycles to be applied and data points per cycle can then be specified with 
the termination conditions operated by a user or by defining an automatic change to 
the next stage.  
3.3 Dynamic Hollow Cylinder Apparatus 
This is an advanced soil testing equipment that can measure the mechanical 
properties of soils under generalised stress paths. The components and their technical 
limitations, and software control are discussed in this section.  
3.3.1 Device components 
The device used in this research was developed by GDS Instruments Ltd and is 
called a 5Hz 2 Channel DYNHCA. It consists of an actuator unit and a cell top. 
There are two servo motors in the actuator unit, one controls axial movement and 
other controls torsional movement. The actuator imposes vertical force through 
translation and torque through rotation. The water pressure and soil sample are 
included in the cell top.  
This unit has two brushless dc servo-motors which drive a ball screw and a splined 
shaft via toothed belts. The axial ram is attached to a thrust cylinder and ball nut 
which is driven by the ball screw. The thrust cylinder is prevented from turning by a 
linear guide connected to a centre plate. Above the thrust cylinder the rotational 
motor is connected to a splined shaft on the axial ram which goes through the base of 
the cell. The base pedestal is connected to the ram. The base of the cell is fixed to the 
 
Chapter 3                                                                                      Main Testing Devices 
 
72 
top of the actuator unit; as are all the hydraulic connections such as cell pressure, 
inner pressure, back pressure, and pore pressure. The valves are connected to the 
pressure controllers which use water to apply pressure; the pore pressure can be 
measured by a pressure transducer plumbed directly into the base pedestal. 
A schematic diagram and an image of the DYNHCA at the University of 
Wollongong are shown in Figure 3.3 and Figure 3.4 respectively; it also includes the 
pressure controllers and a host computer.  
 
 Figure 3.3 : Schematic diagram of the Dynamic Hollow Cylinder 
Apparatus (DYNHCA) 
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Figure 3.4 : Image of the Dynamic Hollow Cylinder Apparatus (DYNHCA) 
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3.3.2 Technical limitations 
3.3.2.1 Axial Load and Torque 
The device used in this research was developed to reach 10 kN of axial load and 200 
Nm of torque. The axial load or deformation and the torque or rotation are applied 
through an actuator in the base of the cell that can be rotated up to 360 degrees 
clockwise and anti-clockwise. The axial and torsional loads can be applied with a 
maximum frequency of 5Hz. While the axial and torsional forces are controlled 
individually, they can be applied simultaneously with phase differences of -180˚, -
90˚, +90˚ and +180˚. To simulate the load acting on a railway foundation, a torsional 
force with a 90˚ phase difference of axial force was applied in this study. The axial 
force and torsional force could be applied in the range of 0.05/0.15 kN and 5/15 Nm, 
respectively. Since this device is specified in terms of displacement control, the 
sensitivities of the axial encoder and rotational encoder are as high as 0.00020833 
mm/count and 0.0009375 mm/count, respectively. The axial and rotational 
displacement were automatically measured as per the movement in the base of the 
cell with the accuracy of 0.001mm and 0.0001 degree respectively. 
3.3.2.2 Pressure control 
The internal cell pressure and back pressure are controlled digitally by GDS 
hydraulic pressure controllers to regulate and control the measurements of liquid 
pressure and volume change precisely. The maximum volume and pressure of the 
controllers were 200cc and 2Mpa respectively. The resolutions of changes in the 
volume and pressure were 1mm3 and 0.1kPa respectively. All the pressure 
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controllers’ values were set to zero initially when the valves were placed at the mid 
height of the soil sample.  
3.3.2.3 Cell liquid 
In this study, de-aired water was used as liquid in the inner and outer cells.  De-aired 
water entered the inner cell through the valve in the bottom of the base until it exited 
the valve at the top after installing the sample inside the cell. Water was then placed 
into the outer cell in the same way after putting the cell cover in place.  
3.3.2.4 System Compliance 
Even though the device is calibrated, the load set by the user should be applied onto 
the soil correctly and should comply with the type of soil being used, as determined 
by the “Stiffness Estimate”. While this is not relevant for tests carried out under 
strain-controlled conditions, the load stiffness must be estimated when the 
experiments are performed under load control. This value will range from 0.1 to 10 
kN/mm according to the type of soil; so if the soil is too soft the value will be 
towards the lower limit (0.1 kN/mm), and if it is too stiff, like rock, the value will be 
towards 10 kN/mm. However, if the value is too low the system could begin to 
oscillate with a deep and unpleasant vibrating noise, but if the value is too high for 
the particular soil the target value cannot be applied onto the soil sample. Like for the 
axial load, the stiffness estimate should be obtained for the torque load. In this study, 
trial tests were carried out on real samples of soil to determine the proper stiffness 
estimate required to achieve a smooth loading condition.  
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The procedure used in this study to estimate the stiffness is as follows. Initially, only 
two cycles with the same axial and torsional forces were applied with a random 
stiffness of say x, onto the soil specimen. Again, only two loading cycles were 
applied using the same loading values with a higher stiffness of 4x. The waveform of 
force was examined both times, and then checked again when a loading of half the 
previous stiffness was applied. Typically, even though the peak value of the stress 
was achieved with any stiffness values, smooth curve was not observed or was not 
maintained for long period of cycles unless the proper stiffness was correctly picked. 
This procedure was carried out with varying degrees of stiffness until a smooth 
waveform appeared over time. 
3.3.2.5 Dimensions of Specimens 
This device can accommodate hollow cylindrical specimens with an outside diameter 
of 100mm, inside diameter of 60mm, and a height of 200mm. Since the geometry of 
the sample influences the uniformity of stress distribution, the dimensions of the 
hollow cylindrical samples have been discussed in previous studies. The dimensions 
selected for this study are in accordance with those suggested by Hight et al. (1983). 
Moreover, since the inner and outer pressures were identical (pe=pi) according to the 
requirement of this research, the radial stress across the wall of the hollow cylindrical 
samples can be assumed to be constant. And the effect of the membrane is also 
neglected.  
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3.3.3 Software Description and Data Acquisition 
The DYNHCA is controlled by the commercial software package GDSLAB 
developed by GDS Instruments Ltd. This software also acquires and stores the test 
data using a Digital Control System (DCS) connected to the PC through a high speed 
USB connection, and while controlling the inner and outer cell pressures and back 
pressure, it also has the following parameter controls, i.e.,  
Axial control 
 Axial load or Axial stress 
 Axial displacement 
Radial control 
 Rotational (torsional) load or Rotational (shear) stress  
 Rotational displacement (degrees) 
It can relate the stress and strain controlled test conditions to the target values 
specified to the pressure controllers, including one axial load parameter and one 
torsional load parameter. These can be achieved as follows: 
• A constant target value (immediate increment) 
• A target value with a ramp time (e.g., 10 units in increment in 15 minutes) 
• A sinusoidal cyclic target with datum, amplitude, and period (e.g., cyclic 
axial stress with a datum of 20 kPa, an amplitude of 10 kPa, and a period of 
2 minutes) 
• A continuous hold on the volume (especially for pressure controllers) 
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Figure 3.5 : Advanced loading for Saturation, B-check and Consolidation 
The typical initial loading conditions (e.g., saturation, B-check, and consolidation) 
can be applied by creating individual test stages in “Advanced Loading”. Every stage 
can be terminated manually by the user or automatically with specific conditions 
such as reaching a maximum axial load, maximum time, maximum deviator stress 
and maximum stress ratio (Figure 3.5). 
 
 
 
 
 
Chapter 3                                                                                      Main Testing Devices 
 
79 
In addition to the Advanced Loading condition, a stress path (p,q) and dynamic 
loading were created to apply special stress paths and cyclic loadings. The stress path 
(p,q) was created to follow the p and q values in a desired path in the p-q diagram, so 
rather than give the lateral stress and axial stress separately, combinations of these 
stresses could be applied in a p-q form. Furthermore, in this stress mode the target 
intermediate stress ratio (b) and rotation angle (α) can be specified with either 
drained or undrained conditions, so when the specified time is targeted to reach p and 
q values, the intermediate stress ratio (b) and rotation angle (α) will reach the desired 
values with linear variations.  
The dynamic loading can be applied by: (i) displacement control and (ii) load control 
(Figure 3.6). The target axial displacement datum, amplitude, and frequency can be 
set in cyclic displacement controlled conditions. The target angle of rotation can also 
be set in degrees with the targeted inner and outer cell pressures. The frequencies of 
the cyclic axial load and cyclic rotational load would be same. Under cyclic load 
control, the target axial load datum and rotational torque can be applied with the 
same frequency. The cyclic loadings can be applied with various phase difference 
values such as 90, 180 and 270, while at the same time, it can be switched to 
either square or triangular type waves. In this research, the rotational load was 
applied with a 90˚ phase difference from the axial load which can be adjusted in the 
Digital Control System, as shown in Figure 3.7. 
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Figure 3.6 : Dynamic loading condition under load control 
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Furthermore, the Stiffness Estimate described earlier (section 3.3.2.4) should be used 
to apply a smooth and proper cyclic loading. In both loading conditions, the required 
number of cycles and data points per cycle can be set up, along with the terminating 
loading conditions that can be either imposed by a user or predefined automatically.   
The software in this system records variations in the volume and pressure from all 
the transducers and controllers and then uses them to calculate the relevant 
Figure 3.7 : Set up of phase difference between vertical and rotational dynamic 
loadings 
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displacements, strains, and stresses. According to the user preferences, the desired 
data can be displayed on the screen during a test at any time, or before the test 
commences. Additionally, all the test data recorded over time can be stored in a gds 
file format in linear, square root, and log scales. Since raw data and calculated data 
are saved in the software, three graphs can be shown on the screen at one time, and 
they can be changed even after the test has commenced.  
3.4 Comparison 
There are many important variations between cyclic triaxial apparatus and dynamic 
hollow cylinder apparatus in terms of applied stresses and induced strains. While the 
orientation of the principal stresses acting in the dynamic hollow cylinder apparatus 
changes with time, the direction of the principal stresses induced by the cyclic 
triaxial apparatus remains constant over time.  
In the cyclic triaxial apparatus the stress applied by the actuator acts vertically on the 
specimen, so the combined stress, including the cell pressure and cyclic deviator 
stress, are the major principal stress (𝜎1) during the testing; this implies that in this 
device, the direction of major principal stress (𝜎1) can never be changed and the cell 
pressure acting laterally is equal to the minor principal stresses (𝜎2, 𝜎3) and its 
direction also cannot be changed. These are the directions of major and minor 
principal stress if only one way cyclic loading is applied. These directions change by 
90˚ when cyclic loading is applied in two ways and the stress is reversed, because the 
lateral stress becomes the major principal stress and the vertical stress changes to the 
minor principal stress (Figure 3.8). Since two out of three principal stresses are 
always equal regardless of whether one or two way cyclic loading is applied, 
axisymmetric loading is created in triaxial testing.  
 
Chapter 3                                                                                      Main Testing Devices 
 
83 
 
 
 
 
 
 
(a) 
 
 
 
 
 
 
 
(b) 
 
 
However, this does not occur when the axial stress and torsional stress act 
simultaneously in the hollow cylinder device. While the axial and torsional stresses 
are applied during the test, the orientation of the major and minor principal stresses 
𝜎y 
𝜎r 𝜎r 
𝜎y 
𝜎r 𝜎r 
1st half cycle 
𝜎y = 𝜎1 (Major Principal Stress) 
2nd half cycle 
𝜎y = 𝜎1 (Major Principal Stress) 
1st half cycle 
𝜎y = 𝜎1 (Major Principal Stress) 
σr = σ3 (Minor Principal Stress) 
2nd half cycle 
(-𝜎y) = 𝜎3 (Minor Principal Stress) 
σr = σ1 (Major Principal Stress) 
𝜎y 
𝜎r 𝜎r 
(-𝜎y) 
𝜎r 𝜎r 
Figure 3.8 : Illustration of (a) one way and (b) two way cyclic loading 
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varies continuously. This dramatic variation between these two devices is shown 
schematically in Figure 3.9.  
 
 
  
 
(a) 
 
 
 
 
(b) 
 
 
The strains induced in these two devices are also calculated differently; in the cyclic 
triaxial apparatus, the axial strain is induced vertically in the direction of the major 
principal stress (𝜎1) and the radial strain develops in the direction of the minor 
principal stresses (𝜎2, 𝜎3). However, in the hollow cylinder apparatus, the axial strain 
increases in the direction of axial stress rather than major principal stress (𝜎1), and 
the radial strain develops in the direction of intermediate principal stress (𝜎2). 
Moreover, circumferential and shear strains also develop during the hollow cylinder 
testing. 
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Figure 3.9 : Stress state of (a) triaxial apparatus and (b) Hollow cylinder apparatus 
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3.5 Chapter Summary  
This chapter described the main laboratory devices used in this study, and the 
capacity of the software in those devices. The ability and limitations of each device 
were discussed in terms of application of forces and measurement of pressures with 
the accuracy and sensitivity of each controller. While only the axial pressure was 
applied by the electro-mechanical actuator of the triaxial apparatus, in contrast, the 
actuator of the dynamic hollow cylinder apparatus applied an axial pressure plus 
shear stress due to the applied load and moment. The loading condition applied by 
the actuator of the triaxial apparatus can create a sudden jump of 90 degrees from 0 
degree rotation angle, whereas the loading condition applied by the actuator of the 
dynamic hollow cylinder apparatus creates a continual rotation of the principal stress 
direction. The possibility to use soil specimens with various dimensions in individual 
devices was also discussed in connection with non-uniform stress distribution. The 
similarities and differences in each device were highlighted in terms of the directions 
of principal stress and the strains induced in different directions. The findings of the 
cyclic triaxial tests and hollow cylinder tests are presented in the Chapter 4 and 
Chapter 5, respectively, and the comparison of results in terms of plastic 
deformation, excess pore water pressure and degradation of resilient modulus 
between these test devices is presented in Chapter 6.
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Chapter 4 Testing procedure and Results from 
Cyclic Triaxial Apparatus 
4.1 Introduction 
This chapter presents details of the experimental work carried out using a 
conventional cyclic triaxial apparatus to achieve the objectives mentioned in Chapter 
1. A comprehensive research program was undertaken to investigate the performance 
of soft soil consisting of a mixture of kaolin and sand under undrained cyclic loading 
without principal stress rotation. The development of axial strain and excess pore 
water pressure and the degradation of resilient modulus during cyclic loading were 
investigated  taking into account the influence of primary factors such as the cyclic 
stress ratio (CSR=0.2, 0.3 and 0.4) and frequency (f=0.1, 0.5 and 1 Hz). The results 
were analysed over either the number of cycles (N) or time (t). Details of the material 
used for the testing, and the method used to prepare and install the specimen in the 
triaxial device are also described.  
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4.2 Specimen preparation 
4.2.1 Soil Properties 
A mixture of kaolin and beach sand was used in this research; the beach sand was 
sieved through the 425 µm sieve to remove debris and coarse particles from the 
original soil while kaolin was used without filtering since it is just a clay powder. A 
pycnometer was used to determine the specific gravity of the beach sand according to 
ASTM C 128 (1996) (Table 4.1); the specific gravity of sand and kaolin were 2.614 
and 2.7, respectively. 
Table 4.1 : Data from the Specific Gravity test for sand 
 T5 T6 T19 
Bottle + Cork 43.3 33.19 41.48 
Bottle + Cork + Dry sand (g) 131.27 109.59 125.26 
Bottle + Cork + Wet sand + 
Water (g) 
196.97 180.63 193.33 
Bottle + Cork + Water (g) 142.55 133.41 141.75 
Dry Sand (g) 87.97 76.4 83.78 
Dry Sand + Buoyance (g) 33.55 29.18 32.2 
Specific Gravity (Gs) 2.6220 2.6182 2.6018 
 
The mixture consisted of a combination of 50% kaolin and 50% sand and had a 
specific gravity of 2.66. Beach sand used in this study is classified as poorly graded 
(SP) (Mashiri et al. 2015). Atterberg limits of the mixture such as the liquid and 
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plastic limits were evaluated using standard methods (AS1289 2000). The liquid 
limit (LL) is the moisture content at which the soil passes from plastic state to liquid 
state, and it was determined using the cone penetration method. The depth of 
penetration was measured under different soil moisture contents in a cone 
penetrometer and the penetration was plotted against the water content of the soil. 
Using the line of best fit for the readings, the water content corresponding to 20mm 
penetration was estimated. The readings and plotted graph are shown in Table 4.2 
and Figure 4.1, respectively. In this research the liquidity of the soil mixture was 
estimated as 27.5%. 
Table 4.2 : Data from the cone penetration method 
Liquid Limit 
  1st sample 2nd sample 3rd sample 
Initial Dial Gauge Reading (mm)  
0 0 0 
Final Dial Gauge Reading (mm) 
8.4 13.7 21.5 
Average Penetration (mm) 
8.4 13.7 21.5 
Container No 
MLB 19 MLB 8 MLB 4 
Mass of container (g) 
31.21 31.44 30.16 
Mass of wet soil + container (g) 
60.09 43.81 39.12 
Mass of Dry soil + container (g) 
55.11 41.54 37.13 
Mass of moisture (g) 
4.98 2.27 1.99 
Mass of Dry soil (g) 
23.9 10.1 6.97 
Moisture content (%) 
20.83 22.47 28.55 
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The plastic limit of the mixture is the moisture content at which the soil begins to 
crumble when it is rolled into a thread of 3mm diameter; in this instance the average 
value of the plastic limit from 3 tests was 16.7%. The Plasticity Limit (PI) can be 
calculated by using the Liquid limit and Plastic limit (PI = LL - PL) and for this 
mixture it was determined as 11%.  
Oedometer tests are used to determine the compression index (Cc) and swelling index 
(Cs) of a soil in one dimensional consolidation and swelling. A 50mm diameter by 
20mm high soil slurry was placed in the apparatus and sandwiched between two 
saturated porous disks to facilitate free drainage from the top and bottom of the 
sample. Starting with very low value of load, a dead weight was applied to the 
sample using the lever arm system and was then generally doubled each day until it 
reached the final load desired. Consolidation settlement was measured automatically 
Figure 4.1 : Determination of Liquid Limit 
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with a transducer.  The void ratio (e) was then plotted against the vertical pressure 
(𝜎v’) as shown in Figure 4.2. The slope of the linear portion in the compression part 
was measured as the Compression Index (Cc=0.25) and the Swelling Index 
(Cs=0.057) was measured from the swelling part of the curve.  
 
 
 
 
 
 
 
 
 
  
 
4.2.2 Method of specimen preparation 
Reconstituted 38mm and 76mm high solid cylindrical samples were used in the 
cyclic triaxial apparatus. Various techniques have been used in previous studies to 
prepare samples of reconstituted soil, but in this study the 1-D slurry consolidation 
method was used. Dry samples were mixed with de-aired water to obtain a uniformly 
distributed sample with moisture content of twice the liquid limit (2×LL) and the 
slurry was then consolidated in one dimension using dead weights to achieve the load 
Figure 4.2 : 1-D consolidation curve 
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level of 50kPa. After primary consolidation was completed the solid sample was 
removed from the mould and the top surface was trimmed to the desired dimension. 
The samples were then ready to be tested in the cyclic triaxial device.  
4.3 Loading Condition 
4.3.1 Consolidation Pressure 
The test conditions should be selected to simulate the in-situ loading condition, so 
the lateral effective confining pressure (𝜎h’) or consolidation pressure at a particular 
depth from the subgrade was determined from the vertical effective stress (𝜎v’) based 
on 𝜎h’ = Ko× 𝜎v’. The stress state of soil element A at a depth of z from the subgrade 
surface is shown in Figure 4.3. 
 
 
 
 
 
 
 
 
  
z  
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Sleeper 
Ballast 
Sub-ballast 
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Granular  
v  
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Figure 4.3 : Stress state of a soil element 
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Typical values of rail structures and density of soil were used to calculate the vertical 
and horizontal stresses on a soil element at a particular depth from the subgrade; they 
are as follows:  
Mass of the sleeper (msleeper)   = 300 kg 
Length of the sleeper (lsleeper)   = 2.5 m 
Width of the sleeper (Wsleeper)   = 0.26 m 
Typical sleeper spacing (Ssleeper)   = 0.6 m 
Density of Rail (ρrail)    = 60 kg/m 
Depth of Granular layer (Hgranular)  = 0.5 m    
Density of Granular layer (ρgranular)  = 17.26 kN/m3  
The ballast and sub-ballast are typically 0.25-0.5m and 0.15-0.2m thick, respectively. 
 
While an additional load from the granular layer was considered as trapezoidal 
loading, loading from the track structure was considered to be rectangular in shape, 
as shown in Figure 4.4a. A top view of the track with load consideration is shown in 
Figure 4.4b. The wheel load from the train was considered to be applied over one-
third of the total sleeper length (Indraratna et al. 2011b).  
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(b) 
  
 
The lateral pressure 3.5m beneath the subgrade surface was calculated considering 
Ko condition. 
 
 
Sleeper spacing 
Length of Sleeper  
Figure 4.4 : Consideration of loading pattern (a) Elevation view and (b) Plan view 
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Weight of the rail     = 2 * ρsleeper * Ssleeper * 9.81 / 1000 
       = 2 * 60kg/m3 * 0.6m * 9.81m2/s /1000 
= 0.706 kN 
Weight of the sleeper    = 300 kg * 9.81 m/s2 / 1000 
       = 2.943 kN 
Stress on the track due to rail structures = (0.706 kN + 2.943 kN) / (lsleeper *  
       Ssleeper) 
       = (0.706 kN + 2.943 kN) / (2.5m *  
       0.6m) 
       = 2.433 kN/m2 
Stress on subgrade due to rail structures = (2.433 kN/m2 * lsleeper * Ssleeper) /  
(lsleeper + Hgranular) * (Ssleeper + Hgranular) 
       = (2.433 kN/m2 * 2.5m * 0.6m) / 
        (2.5 + 0.5)m * (0.6+0.5)m 
       = 0.694 kN/m2 
Stress on subgrade due to granular layer  = Hgranular * ρgranular 
       = 0.5m * 17.26 kN/m3 
       = 8.63 kN/m2 
Stress at 3.5m depth due to the subgrade = ((ρsubgrade * 9.81m
2/s /1000) – 
9.81m2/s) * 3.5m 
       = 56.82 kN/m2 
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Total stress at 3.5m depth = Stress due to rail structures + Stress 
due to granular + Stress due to subgrade 
= 0.694 kN/m2 + 8.63 kN/m2 + 56.82 
kN/m2 
= 66.15 kN/m2 
Assuming that Ko is equal to 0.7, the lateral stress applied at a depth of 3.5m was 
calculated as 46.3kN/m2, so an effective confining pressure of 50kPa was chosen for 
every experiment in this research.  
The typical stress from the axle load transmitted to the subgrade at a particular depth 
was calculated based on Standard/Regular freight train types. According to ARTC, 
which was revised in February 2016, the maximum axle load is 23 tonnes, and 
therefore the load from one wheel would be 11.5 tonnes; however,  60% of this load 
will act on the rail incorporating dynamic effects, based on recommendations by the 
American Railway Engineering Association (AREA) (Association 1918). Details of 
this calculation are as follows: 
Load on rail from one wheel   = 60% of 11.5  
 = 6.9 tonne 
       = 6.9*9.81 
       = 67.689 kN 
Stress distribution was calculated using 2:1 stress distribution elastic theory and the 
superposition method. 
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Stress on the ballast due to one axle load = 67.689 kN / (Ssleeper * lsleeper/3) 
       = 67.689 kN / (0.26m * 2.5m/3) 
       = 312.41 kPa 
Stress on the subgrade due to one axle load = (312.41 kPa * Ssleeper * lsleeper/3) /  
((Ssleeper+ Hgranular) * (lsleeper/3 + Hgranular)) 
       = (312.41 kPa * 0.26 * 2.5/3) /  
((0.26 + 0.5) * (2.5/3 + 0.5) 
       = 66.798 kPa 
Stress on the subgrade due to two axle loads = 66.798 kPa * 2 
       = 133.597 kPa 
Stress at a depth of 3.5m from the subgrade  
Surface due to both axle loads   = 20% of 133.597 kPa   
          Liu and Xiao 2009 
       = 26.7 kPa 
This is a typical dynamic load value at a depth of 3.5m from the subgrade surface 
when a 23 tonne axle train travels on it; it corresponds to a CSR of 0.27, as will be 
described later. 
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4.3.2 Dynamic Loading 
The specimens were prepared from the mixed slurry using 1-D consolidation method 
mounted by triple mould. Once the 1-D primary consolidation finished, solid 
cylinder sample was transferred to triaxial apparatus. Since these are artificial soil 
samples prepared from a mixture of Kaolin and Sand, the mechanical and physical 
properties should be same for every soil sample. Keeping the repeatability of soil 
properties gives greater reliability to the data interpretation and conclusions drawn. 
Once the sample was set up with membrane, suction was applied at the bottom of 
sample using the back-pressure valve. Back pressure was increased in step by step 
once the apparatus was filled with water. Saturation was confirmed by obtaining 
more than 0.95 of B-check. After that, isotropic consolidation was done and 
confirmed when the water drained from the sample was less than 5mm3 in 5 minutes. 
Sinusoidal one way cyclic loading (qcyc) was applied under isotropic loading 
conditions after saturation, B-check, and consolidation stages were completed. The 
datum, amplitude, cycle time, and frequency of the typical sinusoidal loading is 
shown in Figure 4.5. 
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Figure 4.5 : Typical sinusoidal loading 
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Amplitude = qcyc / 2 
Datum = qcyc / 2 
Frequency = 1 / Cycle time 
Cyclic loading was applied continuously under undrained conditions and with the 
same confining/radial pressure. Hence the total stress path in the p-q diagram 
followed the typical triaxial static stress path with a ratio of 3:1, as shown below 
(Figure 4.6). 
 
 
 
 
 
 
 
 
  
In this study, the Cyclic Stress Ratio (CSR) parameter was defined as the ratio 
between the maximum value of cyclic loading (qcyc) and twice the initial effective 
confining pressure (3). 
𝐶𝑆𝑅 =  
𝑞𝑐𝑦𝑐
2 𝜎3
           (4.1) 
 
qcyc 
3 
1 
Loading 
Unloading 
Figure 4.6 : Total stress path of cyclic loading under triaxial loading conditions 
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4.4 Testing Program 
A testing program was developed to study the undrained behaviour of soft subgrade 
soil under cyclic loading. The development of axial strain, excess pore water 
pressure, and degradation of resilient modulus were measured in each test with 
influencing factors such as the cyclic stress ratio (CSR=0.2, 0.3 and 0.4) and 
frequency (f=0.1Hz, 0.5Hz and 1Hz) while maintaining a constant confining 
pressure. A cyclic loading of up to 50000 numbers or to failure was applied 
(whichever comes first). All the test conditions, including specimen number, the 
CSR value, frequency, and number of cycles are listed in table 4.3. The evolution of 
cyclic loading at frequencies such as 0.1Hz, 0.5Hz, and 1Hz and CSR=0.3 is shown 
in Figure 4.7. 
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Figure 4.7 : Evolution of cyclic loading with time for different 
frequencies and CSR=0.3 
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Table 4.3 : Test conditions 
Sample No. Initial confining 
pressure 
Cyclic Stress 
Ratio (CSR) 
Frequency of 
loading (Hz) 
T1 50 0.2 0.01 
T2 50 0.2 0.1 
T3 50 0.2 0.5 
T4 50 0.2 1.0 
T5 50 0.3 0.01 
T6 50 0.3 0.1 
T7 50 0.3 0.5 
T8 50 0.3 1.0 
T9 50 0.4 0.01 
T10 50 0.4 0.1 
T11 50 0.4 0.5 
T12 50 0.4 1.0 
  
4.5 Representation of Results and Soil condition after tests 
Every loading cycle has a loading and unloading section where the axial stress 
changes, so the output results also have fluctuating values with each and every cycle. 
To show the results more clearly, only the upper and lower limits within the 
fluctuating axial strain have been plotted over the number of cycles/time rather than 
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Figure 4.8 : (a) Actual variation of axial strain, and (b) the envelope of axial strain 
presenting changes within a cycle, as illustrated in Figure 4.8. In terms of the 
evolution of excess pore water pressure, the mean value is shown for all the tests 
even though fluctuations occurs during the loading and unloading conditions. The 
resilient modulus, MR (Equation 4.2) was calculated from the hysteresis loop, as 
shown in Figure 4.9, and the degradation of the resilient modulus was evaluated at 
selected number of cycles.  
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𝑀𝑅 =  
𝑞𝑐𝑦𝑐
𝜖𝑎,𝑟
           (4.2) 
(a) (b) 
(c) 
Figure 4.9 : Typical results from cyclic loading (a) variation of deviator stress with 
time, (b) formation of elastic, plastic, and total strain with deviator stress, and (c) 
variation of axial strain with the number of cycles 
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where qcyc is the cyclic deviator stress and εa,r is the recoverable (resilient) axial 
strain during unloading. 
Depending on the test conditions such as CSR and frequency, the specimen would 
either fail or be stable, so while Figure 4.10a shows the original soil sample installed 
in the triaxial base, the stable and failed samples are shown in Figures 4.10b and 
4.10c respectively. A stable state is considered to occur when the increment of axial 
strain of a given specimen becomes negligible after a certain number of cycles or 
when the axial strain does not reach 5% after 50000 cycles. In this study, the samples 
subjected to a cyclic stress ratio of less than 0.3 showed a stable state after 50000 
cycles. The picture of a failed sample represents the state where the specimen 
experienced a cyclic stress ratio equal or greater than 0.3. The type of failure was 
similar for all the frequencies used in this research. Bulging failure occurred in all the 
failed samples because the specimens were very soft, whereas single surface failure 
typically occurs in very stiff clays or dense sands. It is well known that the original 
microstructure begins to be destroyed when very large strains are imposed on very 
soft specimens. No soil element is perfectly homogenous, and because of 
imperfections such as friction between the loading platens and the soil, the stress 
conditions imposed on the specimen were not uniform either. The combined effect of 
these factors was that after failure, shear strains tended to occur along a single plane 
or multiple planes of weakness. 
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Figure 4.10 : (a) Initial, (b) Stable and (c) Failed samples 
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4.6 Test results 
A variety of trends emerged in the development of axial strain, excess pore water 
pressure and degradation of resilient modulus over the number of cycles due to the 
influence of CSR and frequency. These variations of permanent deformation, pore 
water pressure, and degradation of resilient modulus at different CSR and 
frequencies will be discussed below. 
4.6.1 Permanent Axial Deformation 
The influence of frequency on the development of axial strain for cyclic stress ratios 
of 0.2, 0.3 and 0.4 is shown in Figures 4.11a, 4.11b and 4.11c, respectively. While 
these figures show data up to 50000 cycles for CSR=0.2 and 0.3, the data for 
CSR=0.4 is only plotted up to 350 cycles because the samples failed after few cycles. 
As expected, axial strain increased with the number of cycles for all the test samples. 
There was a large increment in axial strain in the early number of cycles compared to 
later stages. Regardless of the CSR value, permanent deformation increased as the 
frequency decreased. For instance, for CSR=0.2 a maximum plastic strain of 0.39% 
was reached under 0.1Hz frequency loading, whereas smaller strains of 0.21% and 
0.17% occurred under higher frequencies of 0.5Hz and 1Hz, respectively (Figure 
4.11a). A similar trend was observed in terms of total axial strain. Although different 
values of axial strain were obtained under CSR=0.2 and CSR=0.3, the axial strain-
cycle curves exhibited identical shape. After approximately the same number of 
cycles the rate of axial strain increment decreased and gradually stabilised for both 
CSR values. In general, the axial strains were higher under low frequency loading 
rather than comparatively high frequency loading. The loading rate affects the 
yielding and stress-strain behaviour of soil as visco-plasticity affects soil yielding. 
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An increasing strain rate generally leads to increase in the undrained shear strength 
of soft soil; this implies that when a higher rate of loading is applied, extra strength is 
mobilised (Richardson and Whitman 1963, Lefebvre and Leboeuf 1987), whereas a 
lower rate of loading causes the yielding point to be reached under lower stress 
values (Yang et al. 2016) and therefore higher strains develop with loadings.  
The results obtained for lower CSR values (Figures 4.11a and 4.11b) where the 
cyclic stress was less than the threshold limit show that the axial strains increased 
sharply at the early stage of cyclic loading while the increment rate decreased to 
almost zero in succeeding cycles. For instance, for CSR=0.3 with a frequency of 
0.1Hz, the developed plastic/permanent strain reached 1.41% within the first 1000 
cycles, whereas only 0.05% occurred in the last 10000 cycles (from 40000 to 50000) 
(Figure 4.11b). Moreover, for lower CSR values, the number of cycles required for 
the plastic deformation to reach a relatively steady state was higher at lower 
frequencies. For the higher cyclic stress ratio (CSR=0.4) (Figure 4.11c), regardless of 
the frequency, the rate of axial deformations tended to increase sharply, thus showing 
unstable behaviour with increasing number of cycles. Since all the test samples failed 
after reaching an axial strain of 5%, the CSR value used here (CSR=0.4) was greater 
than the critical threshold limit. Moreover, the sample subjected to the lower 
frequency loading failed before 100 cycles, whereas almost 300 cycles were needed 
for the specimen to fail when the higher frequency (f=1 Hz) was applied. 
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Figure 4.11 : Effect of frequency on axial strain (a) CSR=0.2, (b) CSR=0.3 and (c) 
CSR=0.4 
 
 
 
 
 
 
 
(c) 
  
 
The effect of CSR on the development of axial strain with the number of cycles was 
also investigated. Figure 4.12 shows how the axial strain developed for CSR values 
of 0.2, 0.3, and 0.4 and frequencies of 0.01Hz, 0.1Hz, 0.5Hz and 1Hz. Tests were 
generally carried out up to 50000 cycles but some samples failed at the early stage of 
cyclic loading, so to show a clear variation of axial deformation over number of 
cycles, most graphs in Figure 4.12 plot the results obtained up to 1000 cycles, except 
Figure 4.12a corresponding to f=0.01Hz which presents the results obtained up to 
100 cycles. 
Regardless of the frequency, the results show that the CSR had a significant 
influence on the accumulation of axial strains during cyclic loading (Figure 4.12). In 
particular, axial strains attained after 1000 cycles at f=1Hz reached 0.19% and 0.48% 
for CSR values of 0.2 and 0.3, respectively, whereas for CSR=0.4 the soil failed after 
reaching 5% of axial strain after only 309 cycles. When a frequency of 0.1Hz was 
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Figure 4.12 : Effect of CSR on axial strain (a) f=0.01Hz, (b) f=0.1Hz , (c) f=0.5Hz 
and (d) f=1Hz 
applied, the total axial strain after 100 cycles increased fivefold as the CSR changed 
from 0.3 to 0.4. At all frequencies, test specimens showed stable behaviour for CSR 
values of 0.2 and 0.3, except one sample tested with a CSR of 0.3 which failed under 
the lower frequency of 0.01Hz.  
 
(a)        (b) 
 
  (c)       (d) 
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4.6.2 Excess Pore Water Pressure 
The effect of frequency on the generated pore water pressure is analysed in this 
section. Figures 4.13a, b and c show the variation of excess pore water pressure with 
the number of cycles for cyclic stress ratios of 0.2, 0.3, and 0.4. These results 
indicate that a lower frequency loading induced higher pore water pressure, while the 
rate at which the pore water pressure increased actually decreased with the number of 
cycles regardless of frequency. For CSR=0.2, the excess pore water pressures 
stabilised in less than 10000 cycles at f=0.1Hz, whereas almost 20000 cycles were 
needed to reach stabilisation at a higher frequency of 1Hz (Figure 4.13a). A similar 
trend was also observed for CSR of 0.3.  
As previously mentioned, when the CSR was increased to 0.4, the specimens failed 
after a relatively small number of cycles by reaching 5% of axial strain. The failure 
points in the pore water pressure curves were determined accordingly. As observed 
in terms of axial strain, lower frequency loading had a more harmful effect than the 
higher frequency loading on soft soil behaviour. While the specimen required more 
than 250 cycles to reach failure under 1Hz frequency, less than 100 cycles were 
needed at a lower frequency of 0.1Hz. The stress/strain rate apparently affects the 
relationship between the void ratio and effective stress. At a higher rate of loading, 
the adjacent soil particles find it more difficult to move, which increases the pore 
water pressure enough to maintain the same void ratio, as the loading was applied 
under undrained conditions.  
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Figure 4.13 : Effect of frequency on excess pore water pressure (a)CSR=0.2, 
(b)CSR=0.3 and (c)CSR=0.4 
 
 
 
 
 
 
 
 
 
 
(c) 
  
 
 
To better understand how the CSR affects the development of excess pore water 
pressure along cyclic loading, Figure 4.14 compares the pore water pressure curves 
obtained for CSR of 0.2 and 0.3 under frequencies of 0.01Hz, 0.1Hz, 0.5Hz and 1Hz. 
As expected, regardless of the frequency, higher excess pore water pressure was 
generated under higher cyclic stress values. As with the development of axial strain, 
loading with a CSR of 0.4 caused instability after only a few cycles. Moreover, 
according to the test results, the effect of CSR on the evolution of excess pore water 
pressure was more pronounced than that of frequency.  
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Figure 4.14 : Effect of CSR on the development of excessive pore water pressure 
(a)f=0.01Hz, (b)f=0.1Hz, (c)f=0.5Hz and (d)f=1Hz 
    
(a)       (b)     
        
(c)        (d) 
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4.6.3 Resilient Modulus (MR) 
Hysteretic (stress-strain) loops enable the degradation of a specimen under cyclic 
loading to be investigated. This can be characterised by variations in the resilient 
modulus (MR). The hysteretic loops recorded for select numbers of cycles (N=1, 10, 
50, 100, 200, 500, 1000, 2000, 5000, 10000, 20000 and 50000) are plotted in Figure 
4.15 (test T4). As expected, MR gradually decreased due to an increase in the 
resilient strains. In this current study, the resilient modulus was computed according 
to Equation 4.2 at specific numbers of cycles and then normalised with respect to the 
value obtained in the first cycle (N=1). This ratio can be designated as the 
degradation index (), as  proposed by Idriss et al (1978): 
𝛿 =  
(𝑀𝑅)𝑁
(𝑀𝑅)1
=  
𝑞𝑐𝑦𝑐
 (𝜀𝑎,𝑟)𝑁
𝑞𝑐𝑦𝑐
(𝜀𝑎,𝑟) 1
=  
( 𝑎,𝑟) 1
( 𝑎,𝑟)𝑁
        (4.3)  
The variations of the normalised resilient modulus with the number of cycles 
(degradation curves) are plotted in Figures 4.16 and 4.17 which show the influence 
of frequency and CSR, respectively. Regardless of the frequency and CSR values, 
the test results could be fitted well to a logarithmic trend line with R2 > 0.95, as given 
by: 
𝛿 = 𝑎 ln(𝑁) + 1          (4.4)  
where a is an empirical constant depending on the CSR and frequency. 
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 As per the results shown in Figure 4.16a, while the resilient modulus degraded more 
in the first few cycles, this trend gradually decreased during subsequent cycling. For 
instance, in Figure 4.16a the normalised resilient modulus decreased from 1 to 0.78 
in the first 1000 cycles whereas a reduction of only 0.02 occurred between 40000 and 
50000 cycles for CSR=0.2 and f=1 Hz. A lower frequency loading caused a more 
significant degradation of the resilient modulus, regardless of the CSR values.  In 
particular, for CSR=0.2 the slope of the logarithmic line was -0.041 for f=0.1Hz, 
while a value of -0.031 was obtained for f=1Hz.  
Figure 4.15 : Typical hysteresis loops at selected numbers of cycles (Test T4) 
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(a) 
 
 
 
 
 
 
 
 
 
(b) 
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(c) 
  
The influence of CSR on the degradation of the resilient modulus over the number of 
cycles was also analysed and the results are plotted in Figure 4.17. As predicted, the 
degradation of the resilient modulus throughout the loading cycles was more 
pronounced under higher CSR values. 
 
Figure 4.16 : Effect of frequency on degradation of the resilient modulus (a) CSR=0.2, 
(b) CSR=0.3 and (c) CSR=0.4 
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(a)       (b) 
 
(c)       (d) 
  
Figure 4.17 : Effect of CSR on degradation of resilient modulus (a) f=0.01Hz, (b) 
f=0.1Hz, (c) f=0.5Hz and (d) f=1Hz 
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In addition to changes in the normalised resilient modulus over number of cycles, the 
initial resilient modulus, MR1 (i.e., obtained in the first cycle) was also calculated for 
every test. According to the values plotted in Figure 4.18, loading with a lower CSR 
value induced a higher initial resilient modulus, regardless of the frequency. 
Furthermore, the initial resilient modulus increased with the loading frequency at a 
gradually decreasing rate; for example, the values of MR1 for a frequency of 1Hz 
were 2.2-4.7 times larger than those recorded at the frequency of 0.1Hz, depending 
on the CSR value. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Figure 4.18 : Effect of CSR and frequency on the initial resilient modulus 
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4.7 Summary 
A laboratory investigation to study the behaviour of railway subgrade under 
continuous cyclic loading was presented in this chapter. The detrimental effects of 
cyclic loading on the performance of the subgrade soil were highlighted, as were key 
parameters such as plastic deformation, accumulation of excess pore water pressure, 
and degradation of the resilient modulus.  
A series of undrained cyclic triaxial tests were carried out on specimens of 
reconstituted soft clay prepared using the slurry consolidation method. Different 
cyclic stress ratios (from 0.2 to 0.4) and frequencies (from 0.01Hz to 1Hz) were used 
to simulate different axle loads and train speeds. One way sinusoidal cyclic loading 
was applied to the soil specimens with a p-q stress path in increments of 1:3. The key 
findings from this study are discussed below. 
• Irrespective of the loading frequency, the specimens failed when subjected to 
the CSR of 0.4, while cyclic stress ratios of 0.2 and 0.3 did not generally 
cause failure of the specimens up to 50000 cycles. Hence, the critical cyclic 
stress ratio (CCSR), the minimum ratio which leads to soil failure at any 
given number of cycles, might be expected to be between 0.3 and 0.4. 
 
• The failure pattern of the soil specimens was not evident unlikely it is 
usually seen as a one slip failure surface in stiff clays and dense sand. In this 
study, the specimens of soft soil failed by bulging, as shown in Figure 
4.10(c). 
 
 
Chapter 4                                                                               Cyclic Triaxial Apparatus 
 
122 
• For CSR=0.4, the soft soil specimens failed by reaching 5% of axial strain 
after 3 to 285 cycles when the loading frequency increased from 0.01Hz to 
1Hz. This indicated that low frequency loading had a more detrimental effect 
because a larger number of cycles were needed to fail the soil when a higher 
frequency was applied. As it is shown in Figure 4.19, the areas covered by 
curves A and B under different cyclic loading frequencies are approximately 
the same for identical time periods, which implies that the axial strains and 
excess pore pressures are independent of the loading period of each cycle. If 
an identical number of cycles is considered, then the areas covered by curve 
B are larger than those covered by curve A; this implies that greater axial 
strain and excess pore pressure develop under a lower cyclic loading 
frequency compared to a higher cyclic loading frequency. However, there 
were only slight changes in terms of increment of excess pore water pressure 
while changing the frequency with the same cyclic stress ratio. For cyclic 
stress ratios of 0.2 and 0.3, regardless of the frequency the degradation of the 
resilient modulus was high in early cycles but then stabilised at a later stage. 
However, loading with a cyclic stress ratio of 0.4 caused degradation of the 
resilient modulus to 0.2 of the initial value by reaching failure status. 
 
 
 
 
 
Figure 4.19 : Area covered by different frequencies with time 
A A 
A A 
B 
B B 
Stress 
Times 
A B 
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• For CSR=0.2 and 0.3, plastic deformation increased with the number of 
cycles at a progressively decreasing rate, but when the CSR increased from 
0.2 to 0.3, the axial strain and pore water pressure increased significantly. 
When these CSR values were applied, the axial strains and pore water 
pressures reached a relatively steady state, but regardless of the frequency 
the specimens failed under a CSR=0.4. The cyclic stress ratio had a 
remarkable effect on the degradation of the resilient modulus such that at 
f=1Hz, the resilient modulus degraded from 0.81 to 0.28 of its initial value 
after 300 cycles when the CSR increased from 0.2 to 0.4. 
 
• Finally, it was found that while the CSR significantly affects the evolution of 
axial strain, pore water pressure, and degradation of the resilient modulus, 
there were only slight changes in the final value of excess pore water 
pressure at the end of cycles when the frequency was varied even though the 
development of excess pore water pressure tended to increase with the 
decreasing frequency. Clearly, for the conditions analysed in this study, the 
influence of CSR was more pronounced than that of frequency. 
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Chapter 5 Testing procedure and Results from 
Dynamic Hollow Cylinder Apparatus 
 
5.1 Introduction 
 
This chapter describes the experimental work carried out using the Dynamic Hollow 
Cylinder Apparatus (DYNHCA) to achieve the objectives mentioned in Chapter 1. 
The performance of soft subgrade soil consisting of a mixture of kaolin clay and sand 
subjected to cyclic principal stress rotation under undrained conditions was 
investigated via a detailed research program. Even though the shear strain, radial 
strain, and other factors changed with cyclic loading, only the variations of axial 
strain and increment of excess pore water pressure and the degradation of the 
resilient modulus were monitored during these tests. The impact that primary factors 
such as cyclic stress ratios (CSR=0.2 and 0.3) and frequencies (f=0.1, 0.5 and 1 Hz) 
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had on those variations was analysed and compared with either the number of cycles 
(N) or time (t). However, the CSR of 0.4 was not applied here as soil samples failed 
even with CSR=0.3 for all the frequency values. Details of the materials used for 
testing and the method of preparing and installing the specimen in the hollow 
cylindrical device are also described. 
5.2 Specimen preparation 
 
5.2.1  Soil properties 
A mixture of Kaolin and sand was used to prepare hollow cylindrical samples in this 
study. The properties of the soil in this mixture were the same as the solid triaxial 
cylindrical samples. Since the procedure and the data from the tests to estimate the 
soil properties have been explained in a previous chapter, only the output values are 
summarised here in Table 5.1. 
Table 5.1 : Properties of tested soil 
Factors Properties 
Percentage of mixture 50% Kaolin + 50% Sand 
Specific Gravity (Gs) 2.66 
Liquidity Limit (LL) 27.5 
Plasticity Limit (PL) 16.7 
Plasticity Index (PI) 10.8 
Compression Index (Cc) 0.25 
Swelling Index (Cs) 0.057 
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5.2.2 Method of Specimen preparation 
Samples of reconstituted hollow cylinders with 100mm outside diameter, 60mm 
inside diameter and 200mm high were used in the hollow cylinder device. The one-
dimensional slurry consolidation method which was used to prepare solid cylindrical 
samples for conventional triaxial tests was also used to obtain uniform hollow 
cylindrical samples, thus minimising sampling effects in the test results. The same 
procedure was adopted to prepare each sample to maintain the same physical 
properties. Since this technique has not been used in previous studies to prepare 
samples of clay hollow cylinders, special care was taken in this study.      
First, 50% Kaolin and 50% sand (sieved through the 425µm sieve) were mixed with 
de-aired water to obtain a water content of twice the liquid limit in order to inhibit 
the grains from segregating. The reconstituted hollow cylinder sample was then 
prepared as follows. 
(1) Two moulds, one with an inside diameter of 100mm and another with 
an outside diameter of 60mm were positioned 20mm apart with an annular porous 
disk at the bottom (Figure 5.1a). 
(2) The slurry was poured into the cavity between the two moulds whose 
surfaces had been lubricated with silicone grease beforehand (Figure 5.1b). Since the 
sample was relatively high, a PVC pipe with a funnel was used to pour the slurry into 
the bottom of the moulds.   
(3) Another 20mm wide annular porous disk was placed on top of the slurry 
to enable drainage at both ends. The surface of the outer mould was perforated to 
increase consolidation process by including radial drainage. The perforated holes 
were covered with filter paper strips to avoid clogging by soil particles (Figure 5.1c). 
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(4) The sample was then one-dimensionally consolidated to obtain a pre-
consolidation pressure of 50kPa in a 4 stage step loading of 2kPa, 7kPa, 20kPa and 
50kPa at intervals of approximately 24 hours rather than wait for complete primary 
consolidation in every stage except the last (Figure 5.1d). The axial displacement of 
the specimen was monitored from the top with a dial gauge that is accurate to 
0.01mm. The variation of vertical displacement helped to determine the end of 
primary consolidation.  
(5) Once the consolidation process finished in accordance with ASTM 
standard (D2435-96), the hollow sample was extruded and trimmed to its 
predetermined size and since an intact hollow cylinder shape was obtained, no coring 
was required, thereby preventing sample disturbance. There might be a soil 
disturbance from unloading the sample. However, this disturbance would give the 
same effect for all the soil samples which minimizes the sampling effect on the test 
results. Samples can be taken from consolidated block samples. However, those 
samples need to be trimmed externally to obtain the curved surface, and the inner 
cavity can be created only by extruding the sample which is not possible for soft soil 
samples. This procedure creates more disturbance to the samples than the step slurry 
consolidation method. Only the height of the sample might be slightly higher than 
what is expected. However, the top height could be easily trimmed using a wire mesh 
since the sample was soft. This procedure involves only the minimum disturbance. 
The sample was then grooved on both top and bottom to fit into the fins of the top 
and bottom caps of the hollow cylinder chamber (Figure 5.1e). 
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Figure 5.1 : (a) moulds positioned by the bottom porous disk; (b) pouring slurry; (c) 
top porous disk positioned over slurry; (d) consolidation; (e) grooved soil sample 
 
(a) 
(c) 
(b) 
(d) (e) 
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As mentioned before, during one-dimensional consolidation no time was allowed in 
the first three loading steps for complete primary consolidation to occur. The 
evolution of vertical deformation with time is shown in Figure 5.2, where the change 
of loading at 24 hour intervals can be clearly identified. Once the desired level of 
pressure was applied (50kPa in this case), it was applied until primary settlement was 
complete, as shown in Figure 5.2b. Full saturation was maintained throughout 
primary consolidation by submerging the sample under water. Once the 1-D 
consolidation was completed, soil samples were taken from the first hollow 
cylindrical samples at various depths to calculate the moisture content. The results 
showed relatively similar void ratios with depth, which reflected the homogeneity in 
height. 
 
 
 
 
 
 
 
 
 
 
      (a) 
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(b) 
Figure 5.2 : (a) Step slurry consolidation in approximately one-day intervals, and (b) 
Final consolidation settlement 
 
5.2.3 Installation of Hollow Cylinder Sample 
Unlike other soil samples, clay hollow cylinder samples require special installation 
procedures prior to testing. All the components needed for installation of the samples 
in the test cell are shown in Figure 5.3, including the outer membrane (Figure 5.3(a)), 
the inner membrane (Figure 5.3(b)), the base pedestal (Figure 5.3(c)), the bottom 
porous disk (Figure 5.3(d)), the lower inner membrane seal (Figure 5.3(e)), the upper 
inner membrane seal (Figure 5.3(f)), O-rings (Figure 5.3(g)), and the top cap with a 
porous disk (Figure 5.3(h)).  
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Figure 5.3 : Components used for specimen installation 
The reconstituted hollow cylindrical soil sample was installed inside the hollow 
cylindrical cell in the following sequence:  
a) The lower membrane seal was placed onto the bottom face of the 
pedestal with a coating of silicone-based lubricant at the bottom 
(Figure 5.4(a)). 
b) The upper membrane seal was installed with an O-ring (Figure 5.4(b)) 
and inserted into one end of the inner membrane (Figure 5.4(c)). The 
membrane inside the upper membrane seal must be the same length in 
every location around the periphery.  
c) The membrane was placed between the O-ring and lower membrane 
seal, and then the upper membrane seal, O-ring and inner membrane 
were inserted without any folded portions or leaks in the membrane. 
(a (b) 
(c (d) 
(e (f) (g
(h) 
 
Chapter 5                                                             Dynamic Hollow Cylinder Apparatus 
 
132 
The upper membrane seal was tightened through the lower membrane 
of the pedestal with suitable screws (Figure 5.4(d)). 
d) The bottom porous disc was fastened to the pedestal with another set 
of screws (Figure 5.4(e)). 
e) The hollow cylinder was then placed on top of the porous disc and the 
inner membrane was stretched through the hollow area (Figure 5.4(f)). 
f) The top cap was fitted and the inner membrane was filled with de-
aired water (Figure 5.4(g)), while making sure there was no air 
trapped between the inner membrane and the soil sample.  
g) The outer membrane was then inserted to cover the sample (Figure 
5.4(h)), while ensuring there was no air trapped between the sample 
and the outer membrane; water was filled from the bottom to top, 
which removed all air trapped in the inner cell. When the water is 
filled, the outer membrane reacts to ballooning if there is any air 
trapped. By using this procedure, it was ensured that there was no air 
between the specimen and the membrane. it was then set up with the 
load cell with screws.  
h)     Finally, the chamber was filled with de-aired water (Figure 5.4(i)). 
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(g) (h) 
(i) 
Figure 5.4 : Installation procedure 
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5.3 Loading condition 
 
5.3.1 Consolidation pressure 
Once the sample was set up inside the hollow cylinder chamber and filled with de-
aired water, it was saturated for 72 hours by back pressure (300 kPa) until a 
Skempton’s pore pressure coefficient (B) greater than 0.96 was reached. After 
saturation, the sample was isotropically consolidated under a mean effective pressure 
of 50kPa by applying the same inner and outer cell pressures. This amount of stress 
was chosen to mimic the appropriate confining pressure acting at a depth of around 
2.5m from the subgrade surface. 
5.3.2 Testing program 
Following isotropic consolidation, a number of cyclic tests were performed under 
undrained conditions to investigate the effect of frequency and cyclic stress ratio on 
the mechanical behaviour of the test samples. The undrained conditions adopted here 
were to reproduce the impeded drainage between wheel load cycles under fast 
moving trains. Table 5.2 summarises the test program carried out in this present 
research. Loading frequencies (f) from 0.1 to 1 Hz and cyclic stress ratios (CSR) of 
0.2 and 0.3 were used and all the tests were carried out under a constant effective 
confining pressure of 50kPa over 50,000 cycles or until failure occurred.  
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Table 5.2 : Hollow cylinder tests 
Sample 
No. 
Initial confining 
pressure (kPa) 
Cyclic Stress 
Ratio (CSR) 
Frequency of 
loading (Hz) 
Number of 
Cycles 
H1 50 0.2 0.1 50000 
H2 50 0.2 0.5 50000 
H3 50 0.2 1.0 50000 
H4 50 0.3 0.1 Until failure 
H5 50 0.3 0.5 Until failure 
H6 50 0.3 1.0 Until failure 
 
Unlike the cyclic triaxial test, in the hollow cylinder test both axial cyclic loading 
and shear cyclic loading were applied. As defined in Chapter 4, CSR is the ratio 
between the axial cyclic loading and twice the confining pressure (CSR=qcyc/2’c). 
The maximum shear cyclic loading was calculated by dividing the amplitude of axial 
cyclic loading by 2.14 (Gräbe 2002). This value has been used in this study as it is 
appropriate for the confining effective stress changes from 40-50 kPa from their 
finite element analysis. Therefore, for a CSR of 0.2, the amplitude of axial cyclic 
loading and shear cyclic loading were 10kN and 4.67kN/m2 respectively, and for a 
CSR of 0.3, 15kN of axial cyclic loading and 7kN/m2 for shear cyclic loading were 
used.  
5.3.3 Dynamic loading with calibration 
The typical stress regime experienced by a soil element in a track foundation is 
shown in Figure 5.5 (Brown 1996) and the appropriate stress path for this condition 
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was clarified by Gräbe and Clayton (2003a; 2009) using a Finite Element analysis. 
The ratio between the cyclic deviator stress and the cyclic shear stress (dmax/dmax) 
varied from 1.92 to 2.14 in different studies Grabe and Clayton 2003a, Zhou et al. 
2012, Inam et al. 2012, but the maximum value of 2.14 based on the Finite Element 
model study by Gräbe (2002) was adopted herein, since Gräbe and Clayton (2003b) 
found that the confining effective stress changed from 40-50kPa (a similar value of 
50kPa was used in this study) from their Finite Element analysis. 
 
 
 
 
 
 
 
 
 
Figure 5.5 : Stress conditions under a single moving wheel load (after Brown 1996) 
 
Figure 5.6 illustrates the axial cyclic loading and the torsional cyclic loading 
(moment) applied to a test specimen. To simulate the repetitive train loads acting on 
the subgrade, axial stress was applied cyclically to induce a cyclic deviator stress on 
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the specimen. A phase difference of 90 between sinusoidal axial and torsional 
loadings was then established, as shown in Figure 5.6. 
 
 
 
 
 
 
 
 
 
 
Figure 5.6 : A 90-degree phase difference between axial load and moment 
 
This figure shows that when the axial load reached its maximum or minimum value, 
the moment reached zero regardless of the sign changes. In other words, the axial 
stress started cyclically to induce a cyclic deviator stress in the specimen, and once 
maximum deviator stress was reached, torsional stress commenced cyclically from 
zero. This type of coupled loading was expected to induce the major principal 
stresses to rotate from -40 to +40, as shown clearly in Figure 5.7. This variation of 
normal stresses and shear stress was taken in to account to calculate the rotation 
angle as per the equation 5.5.   
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Figure 5.7 : Effect of moving wheel loads on the angle of rotation 
 
When a train wheel load approaches a given soil element the inclination of major 
principal stress decreases from -40 with the vertical line. The angle of principal 
stress rotation will be zero when the wheel load is directly above the soil element, 
then the orientation of major principal stress increases to a maximum of +40 as the 
wheel load moves away from the soil element, and the angle of rotation will change 
from +40 to -40 for the next approaching wheel load within a short time period; 
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this is how the angle of rotation of the principal stress axis changes between -40 to 
+40 for every wheel load (Figure 5.7).  
The application of a dynamic axial load and dynamic torsional load induces axial 
stress (𝜎z), shear stress (Ɵz), circumferential stress (𝜎Ɵ), and radial stress (𝜎r), as 
well as axial strain (εz), shear strain (𝛶Ɵz), circumferential strain (εƟ), and radial 
strain (εr). These stresses and strains were calculated using the axial load (W), 
torsional moment (MT), inner pressure (pi), outer pressure (po), and dimensions of the 
soil sample (inner diameter (a), outer diameter (b) and height (h)); these were 
explained in Chapter 2 with the equations.  
The major (σ1) and minor (σ3) principal stresses were calculated based on the axial, 
radial, circumferential, and shear stresses, whereas the intermediate principal stress 
(σ2) is equal to the radial (σr) or circumferential stress (σƟ). This plane stress 
condition is shown three dimensionally in Figure 5.8. The variation of principal 
stresses with time is drawn in Figure 5.9, where the three principal stresses for 
dynamic loading imposed in the hollow cylinder apparatus are given by equations 
2.16, 2.17 and 2.18 for σ1, σ2 and σ3 respectively.  
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Figure 5.8 : Framework for plane stress path 
 
 
 
 
 
 
 
 
 
Figure 5.9 : Variation of the three principal stresses with time 
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The magnitude of the intermediate principal stress (σ2) with respect to the major (σ1) 
and minor (σ3) principal stresses can be characterised by the intermediate principal 
stress ratio (b): 
𝑏 =
2− 3
1− 3 
                                  (5.1) 
     
The inclination of the major principal stress direction to the vertical axis can then be 
calculated from the known stress components as follows (The derivation of rotation 
angle in described in Appendix C): 
𝑡𝑎𝑛 2 =
2 𝑧Ө
𝑧− Ɵ 
                                 (5.2) 
Where the internal and external pressures are equal, as is the case in this research, the 
relationship between α and b can be expressed as: 
𝑏 = 𝑠𝑖𝑛2 𝛼           (5.3) 
In the present study the intermediate principal stress ratio oscillated from 0 to 0.41 
during the loading and unloading process. 
The combination of axial and torsional cyclic loadings produces continuous rotation 
of the principal stress direction in a circular path, as shown in Figure 5.10. This 
graph also explains how the angle of rotation changes as the shear stress varies, so 
when a straight line is drawn from the origin to the periphery of the circle, the angle 
between the straight line and the horizontal (2α) will be twice the rotation angle (α) 
at any particular moment of cyclic loading.  
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Principal strains such as ε1 and ε3 can be calculated using the primary strain values as  
mentioned by equations 2.19 and 2.21 respectively. 
The variations of principal stresses are plotted in a p-q stress path regardless of 
rotation in the direction of principal stress because only the magnitude is influenced 
in the p-q diagram (Figure 5.11). The values of normal stress (p) and deviator stress 
(q) were calculated as follows: 
𝑝 =  
(𝜎1 + 𝜎2 + 𝜎3) 
3
 =  
(𝜎𝑧 + 𝜎𝑟 + 𝜎Ө) 
3
       (5.4) 
𝑞 =  √
(𝜎1 − 𝜎2)2+(𝜎1 − 𝜎3)2+(𝜎2 − 𝜎3)2 
2
   =  √(𝜎𝑧 −  𝜎Ө)
2 +  3 𝜏Ө𝑧
2
  (5.5) 
Figure 5.10 : Effect of moving wheel loads on shear stresses 
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The actual stress values recorded in one representative test (Test H3) were compared 
with expected values in Figures 5.7-5.11 to demonstrate the accuracy of the 
relatively complex stress path modelled in the Hollow Cylinder Apparatus. 
 
 
 
Figure 5.11: Total stress path showing expected and actual values 
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5.3.4 Validation of undrained condition with failure behaviour 
As mentioned before, all the cyclic tests were carried out under undrained conditions 
after isotropically consolidating the soil samples. The change in the void ratio was 
zero (Δe=0), as verified in triaxial conditions by equating the axial strain and twice 
the radial strain (εa = 2εr). The variations in the void ratio could be calculated using 
the changes in the total volumetric strain (εv= Δe/e0), which is the sum of the axial 
strain and twice the radial strain of the cylindrical sample.  
However, when the test was carried out in the hollow cylinder apparatus with 
dynamic loading it differed from the cyclic triaxial test because various strains were 
exerted during dynamic loading in the HCA. It is important to ensure that no change 
in the void ratio occurs during undrained cyclic loading in the HCA. Therefore, the 
variations in the axial strain, radial strain, and circumferential strain were monitored 
in every test and the relationship between them were analysed. Typical variations of 
those strains with the number of cycles are shown in Figure 5.12a where, as 
expected, the axial strain increased dramatically at the beginning of cyclic loading 
and then slowly increased even after 30,000 cycles; the same trend occurred in the 
opposite direction with the increment of circumferential strain. The radial strain only 
increased in the early stage of cyclic loading and then remained approximately 
constant after 10,000 cycles. However, there were fluctuations in every type of strain 
during the loading and unloading process. To make this concept easier to understand, 
the mean values of all the strains along cyclic loading are plotted in Figure 5.12b. For 
loadings under undrained conditions the total volumetric strain ( 𝑣) is assumed to be 
zero.  
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Therefore, 
𝑣 = 𝑧 +  𝑟 +  𝜃 = 0         (5.6) 
According to Figure 5.12, the axial strain is equal to the sum of the radial strain and 
circumferential strain (in absolute value) since the radial and circumferential strains 
increased in an opposite direction to the axial strain. 
𝑧 =  −( 𝑟 +  𝜃)          (5.7) 
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Figure 5.12(a) Actual variation of strains and (b) Mean values of strains 
 
 
 
 
 
 
 
 
(a) 
 
 
 
 
 
 
 
 
 
(b) 
 
 
 
Chapter 5                                                             Dynamic Hollow Cylinder Apparatus 
 
148 
Since the soil was very soft, it bulged rather than failed in a single line, although the 
failure lines curved and twisted around the sample. These twisted lines were more 
apparent in the middle of the sample due to the torsion applied at both ends with 
axial loading. The shape of the failure is clearly shown in Figure 5.13b.  
 
 
 
 
 
 
 
 
(a)      (b)  
Figure 5.13 : (a) Stable sample and (b) Failure sample 
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Figure 5.14 : Typical variation of axial deformation with number of cycles 
(Test T3) 
5.4 Test Results 
Important factors such as the CSR, frequency and number of cycles have influenced 
the increment of axial strain, excess pore water pressure and degradation of resilient 
modulus during continuous principal stress rotation. The obtained results are 
presented and discussed in the next sections. 
5.4.1 Permanent Axial Deformation 
Figure 5.14 illustrates the axial deformation behaviour of a test sample along the 
loading cycles, when a frequency of 1Hz and a cyclic stress ratio of 0.2 were used 
(Test H3). Also shown in this figure are the measured total, resilient and permanent 
strain, whereby the increment in the band width of the strain envelope confirms that 
the resilient strain (εa,r) increases with the number of cycles. For clarity and to 
facilitate the comparison of the axial strains obtained for different test conditions, 
only the upper and lower limits of the strain envelopes have been plotted in Figures 
5.15 and 5.16. 
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The effect of frequency on the accumulation of axial strains for cyclic stress ratios of 
0.2 and 0.3 is shown in Figures 5.15a and 5.15b, respectively. As expected, the axial 
deformations of the test samples increased with the number of cycles. Regardless of 
the CSR value, the total axial strains were found to decrease with the increasing 
frequency. For instance, for CSR=0.2 (Figure 5.15a), a maximum axial strain of 
0.35% was obtained (after 50000 loading cycles) under 1 Hz frequency loading, 
whereas considerably higher strains of 0.48% and 0.58% were reached under lower 
frequencies (0.5Hz and 0.1 Hz, respectively). A similar trend was identified in terms 
of the permanent axial strains, i.e., in general, a low frequency loading induced 
higher permanent strains when compared to a relatively high frequency loading. It is 
widely accepted that the loading rate influences the stress-strain behaviour and the 
yield stress of soil, as the soil yielding is a time-dependent phenomenon. For soft 
clays, the undrained shear strength generally increases with the loading rate, which 
means that extra strength is mobilised when the soil is subjected to faster loading 
rates (Richardson and Whitman 1963, Lefebvre and Leboeuf 1987, Yang et al. 
2016). Therefore, for a given imposed stress level, higher strains are developed for 
slower rates of loading, since adjacent soil particles have time to rearrange 
themselves in a contractive manner, while creep at inter particle contacts causes 
further strain to accumulate (Terzaghi et al. 1996).  
The results presented in Figure 5.15a also indicate that for the lower CSR value 
(CSR=0.2), the axial strains increased sharply at the beginning of cyclic loading, 
with a decreasing increment rate being observed along the subsequent cycles. For 
example, in test H3 (frequency of 1 Hz), the permanent strain reached 0.11% after 
the first 1000 cycles, whereas an increment of only 0.015% was observed along 
10000 cycles at a later stage (i.e., from cycle 30000 to cycle 40000). Moreover, when 
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the highest frequency was applied, the induced permanent deformations nearly 
stabilised after around 30000 cycles, whereas for the lower frequencies no 
stabilization occurred during the entire cyclic process. This contrasts with the results 
from conventional triaxial tests where a steady state is generally reached upon a large 
number of cycles (Yasuhara et al. 1982, Ni et al. 2012, Guo et al. 2013).  As shown 
in Figure 15b, for the highest cyclic stress ratio (CSR=0.3), the rate of accumulation 
of axial deformations tended to increase sharply with the number of cycles, revealing 
an unstable soil behaviour at all frequencies (0.1 to 1 Hz). In fact, in these tests, the 
specimens failed after a relatively small number of cycles (N<300) by reaching only 
about 5% of axial strain. 
Figure 5.15c presents the recorded axial strains plotted against time for CSR=0.3 and 
different loading frequencies. It is observed that the axial deformations produced 
during a given time interval substantially increase with the loading rate, which can be 
attributed to the increased number of cycles imposed during that particular period. 
Indeed, although the magnitude of axial strains decreased with increasing frequency 
for a given number of loading cycles (as shown in Figure 5.15b), for the same 
loading period the higher frequencies lead to more pronounced axial deformations. 
This is associated with the fact that, for the highest CSR, the axial deformations 
increased sharply with increasing number of cycles and therefore, the effect of the 
number of cycles was predominant concerning the development of axial strains. 
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Figure 5.15 Effect of frequency on the accumulation of axial deformations: (a) 
CSR=0.2; (b) CSR=0.3 (strains plotted against the number of cycles); (c) CSR=0.3 
(strains plotted against time) 
 
 
 
 
 
 
 
 
 
 
 
To better understand the effect of CSR on the accumulation of axial deformations 
along cyclic loading, Figure 5.16 compares the axial strain curves obtained for CSR 
values of 0.2 and 0.3 under the frequencies of 0.1Hz, 0.5Hz and 1Hz. The plotted 
results clearly indicate that the CSR has a predominant influence on the development 
of axial strains during the cyclic process. For instance, after 100 loading cycles, the 
permanent axial strain recorded under CSR=0.3 was about 0.72%, significantly 
exceeding the value of permanent strain corresponding to CSR=0.2 (0.02%) (Figure 
5.16(b). The total axial strains attained for the same number of cycles increased by 
tenfold when CSR was increased from 0.2 to 0.3. In fact, regardless of the loading 
rate, the increase in CSR led to a substantial increment in both the permanent and 
axial strains measured along the tests.  
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Figure 5.16 : Effect of CSR on the accumulation of axial deformations (a) 
f=0.1Hz, (b) f=0.5Hz and (c) f=1Hz 
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5.4.2 Excess Pore Water Pressure 
In this study, the mean values of excess pore water pressure were monitored over the 
number of cycles (N). Since the sample was relatively high (200mm) the pore water 
pressure measured at the middle was used as a datum for all the tests. 
Figure 5.17a shows the influence of loading rate on the excess pore water pressures 
generated over the number of cycles for a cyclic stress ratio of 0.2 (i.e. cyclic 
deviator stress of 20kPa). It can be observed that higher increments of pore water 
pressure were developed under lower frequencies. Regardless of the frequency, the 
increment rate of the excess pore water pressures decreased with the number of 
cycles. For the highest frequency (1Hz) the pore water pressures stabilised in less 
than 20000 cycles, whereas more than 40000 cycles were required to reach 
stabilisation under a lower frequency of 0.1Hz.  
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Figure 5.17 : Effect of frequency on axial deformation (a) CSR=0.2 and (b) CSR=0.3 
 
 
 
(b) 
(a) 
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The evolution of the excess pore water pressures with the number of cycles for a 
higher CSR value (CSR=0.3) is illustrated in Figure 5.17b. Similar to what was 
observed for the lower CSR value of 0.2, the pore water pressures recorded during 
cyclic loading decreased with increasing frequency. Eventually, the soil failed in less 
than 200 cycles at 0.1Hz, and after about 300 cycles at a higher frequency of 1Hz. 
For the same number of cycles, a low frequency loading had a more detrimental 
effect on the soft clay response than a higher frequency loading. As previously 
mentioned, under lower frequencies, soil particles have a greater chance to rearrange 
themselves in a contractive manner, which leads to an increased axial deformation 
and pore pressure build up. Consequently, a lower number of cycles are needed to 
reach a specified value of excess pore water pressure under a slower rate of loading. 
The effect of the cyclic stress ratio on the evolution of pore water pressures along the 
number of cycles was also investigated for different frequencies. Figure 5.18 
compares the variation of excess pore pressures for CSR values of 0.2 and 0.3. As 
expected, higher stress values lead to higher pore-water pressure generation 
regardless of the frequency. Furthermore, for the test conditions considered herein, 
the increment of CSR was found to have a greater influence on the development of 
pore water pressures than the variation in frequency (Figure 5.18).   
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Figure 5.18 : Effect of CSR on the development of excessive pore water 
pressure (a)f=0.1Hz, (b)f=0.5Hz and (c)f=1Hz 
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5.4.3 Resilient Modulus (MR) 
As mentioned in the previous chapter, the degradation behaviour of the soil samples 
has been investigated based on the hysteretic (stress-strain) loops along the cyclic 
loading. The hysteretic loops recorded for selected number of cycles (N = 1, 100, 
500, 1,000, 5,000, 10,000, 20,000 and 50,000) are plotted in Figure 5.19 (test H2). 
The way of calculating the resilient modulus (MR) and the corresponding equation 
are elaborated briefly in Chapter 4. As mentioned earlier, the value of the resilient 
modulus in each cycle was normalised with respect to the value determined at first 
cycle in order to investigate the degradation of MR.  
To evaluate the effect of frequency on the resilient strain of the test samples, the 
variation of the normalised resilient modulus with the number of cycles (degradation 
curve) was plotted in Figures 5.20a and 5.20b for CSR values of 0.2 and 0.3, 
respectively.  Regardless of the frequency and CSR values, the test results could be 
fitted well to a logarithm trend line with R2 > 0.95, as given by: 
𝛿 = 𝑎 ln(𝑁) + 1          (5.8)  
where a is an empirical constant depending on CSR and frequency. 
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According to the results presented in Figure 5.20, a relatively fast degradation of the 
resilient modulus occurred in the first few cycles with a more gradual decreasing 
trend being observed during subsequent cycling. In particular, for CSR=0.2 (Figure 
5.20a) and frequency of 1 Hz, the normalised resilient modulus decreased from 1 to 
0.68 in the first 1000 cycles while a slight reduction of 0.03 was observed between 
40000 and 50000 cycles. Additionally, the degradation of MR was found to be more 
pronounced at lower frequencies, regardless of the CSR value. For example, for 
CSR=0.2, the slope of the logarithm line (a) was determined as -0.087 for 0.1Hz, 
whereas the value of -0.056 was obtained for 1Hz. Figure 5.21 illustrates the 
influence of the CSR on the degradation of the resilient modulus along cyclic 
loading. As expected, the higher the CSR value, the greater the degradation of the 
resilient modulus over the number of cycles. 
 
Figure 5.19 : Typical hysteresis loops at selected numbers of cycles (Test H2) 
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Figure 5.20 : Effect of frequency on degradation (a) CSR=0.2 and 
(b) CSR=0.3 
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Figure 5.21 : Effect of CSR on degradation (a) f=0.1Hz, (b) f=0.5Hz and 
(c) f=1Hz 
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The values of the initial resilient modulus (i.e., measured in the first loading cycle) 
for the different test conditions are presented in Figure 5.22. It can be observed that 
the initial resilient modulus increases with the loading frequency at a progressively 
decreasing rate. Higher values of initial resilient modulus were obtained for the 
cyclic stress ratio of 0.2, in comparison to those for CSR of 0.3. In fact, when a CSR 
of 0.3 is imposed, the resilient axial strains measured in the first cycle are 
significantly greater than those for CSR of 0.2. As a result of the increase in resilient 
strain, the values of the initial MR for CSR=0.3 are about 23%-31% lower than those 
obtained for CSR=0.2, depending on the loading frequency. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.22 : Variation of Initial Resilient Modulus with frequency and CSR 
 
 
 
 
Chapter 5                                                             Dynamic Hollow Cylinder Apparatus 
 
164 
5.5 Summary 
 
In this chapter, a series of cyclic hollow cylinder tests were carried out under 
undrained conditions to study the variation of axial deformation, excess pore water 
pressure and resilient modulus of soft railway subgrade subjected to continuous 
principal stress rotation. Governing factors such as the cyclic stress ratio, frequency 
and number of loading cycles were discussed in conjunction with the performance of 
the subgrade soil.  
A step slurry consolidation method was used to prepare reconstituted (sandy clay) 
hollow cylindrical samples that were more consistent and uniform normally 
consolidated samples. Different cyclic stress ratios (CSR = 0.2 and 0.3) and 
frequencies (f = 0.1-1 Hz) were used to simulate different train loads and speeds, 
respectively.  
One-way sinusoidal axial loading and two-way rotational cyclic loading were applied 
onto soil specimens with a p-q stress path of 1:3, as applied in triaxial cyclic loading. 
The rotation angle of the principal stresses continuously changed from -40 to +40. 
The key findings from the dynamic hollow cylinder tests are summarised below. 
• Complex stress paths involving principal stress rotation could be simulated 
using the DYNHCA with 90 phase difference between sinusoidal axial and 
torsional loadings. A close agreement was obtained between the expected and 
actual stress values. 
• As opposed to the solid cylindrical specimens which showed just bulging 
failure in the triaxial apparatus, there were rotational shear bands and bulging 
in the middle of the hollow cylindrical specimens (Figure 5.13(b)).  
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• Both resilient (recoverable) and plastic axial strains were induced by cyclic 
principal stress rotation. As expected, the axial deformations of the test 
samples increased with the number of cycles. Higher stress values (CSR=0.3) 
and lower frequencies (0.1 and 0.5Hz) led to increased permanent 
deformations. For the test conditions analysed, the influence of the cyclic 
stress ratio (CSR) on the accumulation of permanent strains was found to be 
more significant than that of frequency. 
• Hollow cylinder specimens failed under a CSR of 0.3 regardless of the 
loading frequency, but stable behaviour was observed up to 50,000 cycles for 
the lower cyclic stress ratio, CSR = 0.2. Therefore, the expected critical 
cyclic stress ratio (CCSR) would be within the range of 0.2 to 0.3. 
• The accumulation of excess pore water pressures upon cyclic loading 
increased with the CSR (up to 193%) and with the decreasing frequency (up 
to 40%).  
• The slope of the stress-strain hysteretic loops decreased with the number of 
cycles (N), representing the degradation of the resilient modulus, MR. The 
reduction in MR was more pronounced under lower frequencies (0.1 and 
0.5Hz) and higher cyclic stress ratio (CSR=0.3). For CSR=0.2, the 
degradation increased progressively and no steady state was reached after 
about N = 50,000.  
• The value of the resilient modulus recorded in the first cycle increased with 
the loading rate (up to 28%) and with the decreasing CSR value (up to 46%). 
The results reported in this Chapter provide important insight into the long-term 
performance of low-plasticity soft soil subjected to moving wheel loads, considering 
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the role of principal stress rotation. Since the degradation of the resilient modulus 
may have a predominant influence on the design life of railway foundations (natural 
subgrade), practitioners should consider the MR variations evaluated under realistic 
loading incorporating principal stress rotation for improved track design and 
performance evaluation. 
• The effect that frequency had on the development of axial strain, excess pore 
water pressure and degradation of resilient modulus was studied briefly. An 
axial strain of 5% was defined as failure criteria when the loading frequency 
decreased from 1Hz to 0.01Hz, the number of cycles where the hollow 
cylinder would fail were reduced from 300 to 185 cycles; this showed that a 
low frequency is more harmful than higher frequency on accumulation of 
axial strain with the number of cycles.  The excess pore water pressure was 
not affected very much by variations in frequency. Large axial strain and 
pore water pressure increased in some cycles with low numbers, but very 
small increments occurred in the final stage of cyclic loading. Regardless of 
frequency, the resilient modulus decreased in large amounts in the first few 
cycles but the rate progressively decreased.  At both values of CSR, a lower 
frequency degraded the soil quicker than higher frequency loading.  
 
• Variations in the accumulation of axial strain and excess pore water pressure 
and degradation of resilient modulus were studied in conjunction with the 
cyclic stress ratio. When the CSR was 0.2, plastic deformation increased 
with number of cycles at a progressively decreasing rate, whereas the axial 
strain increased to failure when cyclic loading was applied with CSR of 0.3. 
Regardless of frequency, at a CSR of 0.2, no stabilisation was found in terms 
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of accumulating axial strain, even after 50000 cycles, whereas the 
development of excess pore water pressure stabilised after many cycles. A 
CSR=0.3 lead to failure for all frequency loading by reaching 5% of axial 
strain. At a frequency loading of 0.1Hz, when the CSR increased from 0.2 to 
0.3 after 100 cycles, the degradation of resilient modulus decreased from 
0.66 to 0.19.  
 
• To conclude, long term cyclic loading with principal stress rotation has a 
detrimental effect on the behaviour of soft clay in terms of axial strain, pore 
water pressure, and degradation of the resilient modulus under undrained 
cyclic loading with various levels of stress and frequency; the influence of 
CSR on the axial strain, pore water pressure and degradation of resilient 
modulus was more significant than that of frequency. 
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Chapter 6 Influence of continuous Principal 
Stress Rotation during cyclic loading  
 
6.1 Introduction 
This chapter compares the results between the triaxial apparatus where the direction 
of principal stress remained constant and the dynamic hollow cylinder apparatus 
where the orientation of principal stress varied continuously during cyclic loading. 
The loading paths between these two laboratory tests were also compared. These two 
types of tests were used to determine how the principal stress rotation influenced the 
development of axial strain, excess pore water pressure and degradation of resilient 
modulus of soft soil under different cyclic stress ratios (0.2 and 0.3) and frequencies 
(0.1Hz, 0.5Hz and 1Hz).   
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6.2 Loading condition 
Triaxial and hollow cylinder tests were carried out on reconstituted specimens of 
normally consolidated soil under undrained conditions where the saturation and 
consolidation processes were identical. However, after isotropic consolidation, the 
loading condition associated with each apparatus was different.  
 
While in the triaxial apparatus only the axial deviator stress varied cyclically without 
an external shear stress applied onto the soil specimen, in the hollow cylinder 
apparatus both the axial stress and rotational shear stress were applied cyclically. 
This is shown in Figure 6.1 where a cyclic loading with CSR of 0.2 and frequency of 
1Hz was used to compare the variations in stresses with time. In both conditions, i.e. 
with and without PSR, while the normal (axial) stress varied between 50kPa and 
70kPa, the radial stress remained constant at 50kPa. However, the shear stress 
changed from -4.67kPa to +4.67kPa with PSR loading, whereas it was set to zero 
when the loading was applied without PSR.  
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Figure 6.1 : Variation of local stress with time (a) without Principal Stress 
Rotation, and (b) with Principal Stress Rotation 
 
 
 
 
 
 
 
    
(a) 
 
 
 
 
 
 
 
(b) 
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The local stresses applied onto the specimen could be used to estimate the variation 
of principal stresses, as shown in Figure 6.2 for different loading conditions, i.e., 
with and without PSR. When the loading was applied without PSR (Figure 6.2(a)), 
only the major principal stress varied during the sinusoidal cyclic loading while the 
intermediate and minor principal stresses were kept at a constant value, whereas 
under PSR (Figure 6.2(b)), only the intermediate principal stress remained constant, 
with the major and minor principal stresses varying cyclically with time.  
 
 
 
 
 
 
 
 
 
(a) 
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Figure 6.2 : Variation of principal stress with time (a) without Principal 
Stress Rotation, and (b) with Principal Stress Rotation 
 
 
 
 
 
 
 
 
 
(b) 
 
 
The total stress paths between loading with and without principal stress rotation were 
compared in a p-q diagram (Figure 6.3), and the mean effective stress (p’) and 
deviator stress (q) were calculated using the following equations.   
𝑝′ =  
(𝜎1 + 𝜎2 + 𝜎3) 
3
          (6.1) 
𝑞 =  √
(𝜎1 − 𝜎2)2+(𝜎1 − 𝜎3)2+(𝜎2 − 𝜎3)2 
2
          (6.2) 
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As Figure 6.3 shows, the total stress paths for both loading conditions were 
approximately the same. Therefore, the results from tests carried out with and 
without PSR can be compared.  
 
 
 
 
Figure 6.3 : Comparison of total stress paths for cyclic loading with and 
without Principal Stress Rotation diagram 
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6.3 Comparison of test results 
The variations in the development of axial strain, excess pore water pressure and 
degradation of the resilient modulus with the number of cycles are compared in this 
section. The influence of principal stress rotation is analysed considering different 
values of CSR and frequency.  
6.3.1 Influence of PSR on the development of axial strain 
The effect that the principal stress rotation has on axial deformation along the 
number of cycles for a cyclic stress ratio of 0.2 and different frequencies is analysed 
in Figure 6.4. Regardless of the frequency, the total axial strain at the end of cyclic 
loading (after 50000 cycles) was significantly higher when PSR was applied. 
However, during the initial stage of the tests (up to about 2000 cycles), the axial 
strains induced by cyclic loading without PSR exceeded the values obtained under 
PSR for the higher frequencies of 0.5 and 1 Hz. This clearly shows that the influence 
of PSR on the accumulation of axial strain for lower stress values at very few cycles 
is less significant. Regardless of the application of PSR, the increment rate of axial 
strain tended to decrease with the number of cycles. While under cyclic loading 
without PSR the increment in axial strain was almost negligible after approximately 
40000 cycles, the axial strain increased progressively with number of cycles when 
PSR was imposed. For example, for CSR=0.2 and frequency of 1Hz, the increment 
in total axial strain from 40000 to 50000 cycles was only 0.002% without PSR, 
whereas it reached 0.016% under PSR. In general, higher axial strains developed in 
the tests involving PSR. 
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    (a)   (b)  (c) 
Figure 6.4 : Effect of PSR on axial strain for CSR=0.2 (a) f=0.1Hz, (b) f=0.5Hz and (c) f=1Hz 
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When the cyclic loading was applied with a CSR of 0.3, the PSR had a remarkable 
effect on the development of axial strain, regardless of the frequency (Figure 6.5). 
The increment of the total and permanent axial strains under PSR was substantially 
higher than that without PSR at any moment of cyclic loading. For the same CSR 
value (CSR=0.3), the soil element showed stable behaviour when subjected to cyclic 
loading without PSR, whereas failure was observed within 400 cycles under PSR for 
all of the loading frequencies. In fact, the rate of axial strain development increased 
with the number of cycles when the sample underwent continuous PSR, whereas 
without PSR the increment rate of axial strain tended to reduce along the test. At a 
loading frequency of 0.1Hz and within 100 cycles, the total axial strain increased by 
1% without PSR, whereas it reached a significantly higher value of 2.5% in the 
presence of continuous PSR (Figure 6.5(a)). 
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(a) (b)       (c) 
 
Figure 6.5 : Effect of PSR on axial strain for CSR=0.3 (a) f=0.1Hz, (b) f=0.5Hz and (c) f=1Hz  
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6.3.2 Influence of PSR on the development of excess pore water pressure 
As mentioned before, the effect of continuous rotation of principal stress axes on the 
accumulation of excess pore water pressure was analysed in this study. As shown in 
Figure 6.6 for CSR=0.2, the excess pore water pressure increased with the number of 
cycles at a progressively decreasing rate regardless of the frequency and PSR. It can 
also be observed that the inclusion of PSR had no significant effect on the increment 
of pore water pressure over the number of cycles. Even though the final values of 
excess pore water pressure (i.e., achieved after 50000 cycles) were approximately the 
same for loading with and without PSR, the stabilisation of pore pressure occurred at 
slightly lower number of cycles when the loading was applied without PSR.  
Figure 6.7 compares the evolution of excess pore water pressure with and without 
PSR for a CSR of 0.3. Regardless of frequency, the soil failed within 400 cycles after 
reaching 5% of axial strain. There was no significant variation in the development of 
excess pore water pressure due to PSR at the lower frequency loading, f=0.1Hz 
(Figure 6.7a), but at higher frequencies of 0.5Hz and 1Hz a visible increment in pore 
pressure was observed when the soil was subjected to PSR. For instance, after 200 
cycles, the extra increments of excess pore water pressure caused by PSR were 
0.2kPa and 10kPa at frequencies of 0.1Hz and 1Hz, respectively. At a frequency of 
0.1Hz, the specimen under PSR failed in 200 cycles after reaching 32kPa of excess 
pore pressure, whereas without PSR the soil showed stable behaviour up to 1000 
cycles and the excess pore pressure increased up to 40kPa. This was because the 
specimen failed after reaching 5% of axial strain in 200 cycles when subjected to 
continuous rotation of principal stress direction.   
 
Chapter 6                                                                                                                                                                                             Influence of PSR 
 
179 
 
 
     
 (a) (b) (c) 
Figure 6.6 : Effect of PSR on excess pore water pressure for CSR=0.2 (a) f=0.1Hz, (b) f=0.5Hz and (c) f=1Hz 
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Figure 6.7 : Effect of PSR on excess pore water pressure for CSR=0.3 (a) f=0.1Hz, (b) 
f=0.5Hz and (c) f=1Hz 
 
 
 (a)  (b)       (c) 
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6.3.3 Influence of PSR on degradation of resilient modulus 
The method used to determine the resilient modulus from the hysteresis (stress-
strain) loops in selected cycles has been already described in Chapter 4. All the 
calculated resilient moduli were normalised with respect to the value obtained at the 
first cycle. Figure 6.8 compares the normalised resilient modulus over the number of 
cycles between loadings with and without principal stress rotation for a CSR of 0.2. 
Regardless of PSR, the normalised resilient modulus decreased sharply at the early 
stage of cyclic loading and the reduction rate declined in the subsequent cycles. 
Additionally, the PSR had a significant effect on the degradation of the resilient 
modulus regardless of the frequency. In fact, when cyclic loading involving PSR was 
imposed, the soil specimen showed a more pronounced degradation behaviour. For 
example, at a loading frequency of 0.5Hz, the normalised resilient modulus 
decreased from 1 to 0.71 within 10000 cycles without PSR, whereas it dropped to 
0.32 when PSR was incorporated. Figure 6.8 also shows that a lower frequency 
loading tended to induce more degradation than a comparatively higher frequency 
loading both with and without PSR. 
The influence of PSR on the degradation of the resilient modulus for CSR of 0.3 is 
shown in Figure 6.9, which clearly indicates that the inclusion of continuous PSR 
caused faster degradation of the soil and led to failure within a relatively small 
number of cycles. To be specific, within 100 cycles at 0.1Hz frequency loading, the 
normalised resilient modulus of the soil decreased from 1 to 0.79 in the absence of 
PSR, whereas it reached a significantly lower value of 0.19 under continuous PSR.  
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(a)  (b)         (c) 
Figure 6.8 : Effect of PSR on degradation of resilient modulus for CSR=0.2 (a) f=0.1Hz, (b) f=0.5Hz and (c) f=1Hz 
 
Chapter 6                                                                                                                                                                                              Influence of PSR 
 
183 
 
 
 
 
 
 
 
 
 (a) (b) (c) 
Figure 6.9 : Effect of PSR on degradation of resilient modulus for CSR=0.3 (a) f=0.1Hz, (b) f=0.5Hz and (c) f=1Hz 
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Figure 6.10 presents the values of the initial resilient modulus (MR1) obtained with 
and without PSR for different conditions of CSR and frequency. It can be concluded 
that the initial resilient modulus increased with frequency at a progressively 
decreasing rate.  
Regardless of frequency and CSR values, when PSR was induced the values of the 
resilient modulus were lower than those obtained without PSR. For instance, at 
CSR=0.2 and f=1Hz, the resilient modulus almost halved (from 155.4MPa to 
79.1MPa) when PSR was applied. In fact, the resilient axial strains measured in the 
first cycle when cyclic PSR was applied were significantly larger than those without 
PSR. Due to this increase in resilient strain, the values of the initial MR with PSR 
were 32%-62% lower than those obtained without PSR, depending on the loading 
frequency and CSR. The increment in resilient modulus with frequency was less 
significant when PSR was imposed. For example, for CSR=0.3, the increment in MR1 
associated with an increase in frequency (from 0.1 to 1Hz) was only 15% when PSR 
was imposed, whereas a significantly higher increment of 77% was obtained without 
PSR. The reason for this behaviour could be the amount of axial strain exerted in 
first cycle. When the loading with PSR imposed higher axial strain than imposed by 
the loading without PSR, hence the modulus for lower strain region is high 
(Subramaniam and Banerjee 2013, Okur and Ansal 2007).   
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Figure 6.10 : Effect of PSR on initial resilient modulus under different frequency and 
CSR values 
 
 
6.4 Summary 
In this chapter, the influence of principal stress rotation on the evolution of axial 
deformation, excess pore water pressure, and resilient modulus of railway subgrade 
was studied by comparing the results from tests carried out using a triaxial apparatus 
and a hollow cylinder apparatus under undrained cyclic loading conditions. The 
conclusions from this chapter can be summarised as follows: 
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• The major difference between the loading imposed in the cyclic triaxial 
apparatus and dynamic hollow cylinder apparatus was the inclusion of cyclic 
shear stress which induced rotation of principal stress direction in the hollow 
cylinder apparatus. Apart from that, the applied radial stress and cyclic axial 
stress were the same in both apparatus.  
• In the triaxial apparatus, the direction of principal stress remained constant 
with cyclical changes in the magnitude of major principal stress, whereas in 
the hollow cylinder apparatus both the orientation of principal stress axes and 
the magnitude of the major and minor principal stresses varied cyclically with 
time. However, the total stress paths in the p-q diagram for loading with and 
without PSR were similar. 
• The axial strain induced by cyclic loading involving PSR was significantly 
higher than that obtained without PSR. For the lower cyclic stress ratio 
(CSR=0.2), regardless of the application of PSR the increment of axial strain 
was high at the early stage of the tests and gradually decreased in the 
subsequent cycles. Significant changes in the development of axial strain 
occurred when the CSR was increased. For CSR=0.3, the soil specimen 
remained stable, even after 1000 cycles, under cyclic loading without PSR, 
whereas failure state occurred at 5% of axial strain within 400 cycles when 
PSR was imposed. The influence of principal stress rotation yields the soil 
quickly compared to the loading without principal stress rotation for the same 
stress level, which reduced the critical cyclic stress level in the dynamic 
hollow cylinder apparatus. 
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• At the lower CSR value of 0.2, there were no significant changes in the 
development of pore water pressure associated with the application of PSR, 
and hence similar values were attained at the end of the tests (i.e., after 50000 
cycles) for both loading conditions. However, the pore water pressure 
stabilised faster when no PSR was imposed. At a higher CSR value 
(CSR=0.3), the influence of PSR on the accumulation of excess pore 
pressures was relevant at higher frequencies (f=0.5 and 1Hz), and all the 
specimens failed within 400 cycles regardless of frequency when the tests 
were performed under continuous PSR.  
• Regardless of the CSR and frequency, the degradation of the resilient 
modulus increased substantially by the presence of PSR. It was also observed 
that a lower frequency loading tended to induce faster degradation than a 
comparatively higher frequency loading both with and without PSR. At the 
higher CSR value, the resilient modulus decreased to values of less than 0.2 
of the initial resilient modulus within 400 cycles when the tests were carried 
out with continuous PSR. 
• The initial resilient moduli obtained from loading without PSR were 
consistently higher than those evaluated from tests incorporating PSR, 
regardless of the CSR and frequency, and these differences increased with 
frequency. Regardless of the PSR and CSR, the initial resilient modulus 
increased with frequency at a progressively decreasing rate.
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Chapter 7 Constitutive Model for Undrained 
Cyclic Loading 
 
7.1 Introduction 
The mechanical behaviour of soft clay is affected by continuous repeated loadings, 
so the stress-strain relationship of soft clay under cyclic loading has been studied 
extensively over the past decades. The large body of data obtained from these 
experimental investigations indicate that this relationship is non-linear and hysteretic 
so several empirical models have been developed to further explain this behaviour 
(Thiers and Seed 1968, Hardin and Drnevich 1972, Hardin 1965). However, these 
models require several empirical parameters and assumptions to evaluate the 
 
Chapter 7                                                                                          Constitutive Model  
 
189 
behaviour of soft clay over a relatively small number of cycles. Although there are 
constitutive models (Li and Meissner 2002) that have predicted the behaviour of soft 
soil under cyclic loading reasonably well, the parameters related to these models are 
not easy to evaluate, which makes them difficult to use in practical situations. Carter 
et al. (1979) proposed a constitutive model based on the Modified Cam Clay model 
to capture the behaviour of cohesive soil under repeated loadings. This model only 
needs an additional parameter to simulate cyclic behaviour, apart from those required 
for the Modified Cam Clay model. This parameter can be found from the results of 
conventional laboratory tests, so this model is applicable for soft clay subjected to 
cyclic loading because it is possible to find the additional parameter. Even though the 
prediction of pore water pressure showed some disagreements with the test data 
obtained, the axial strain behaviour could be predicted reasonably well. The test 
results presented in the previous chapters indicated that soft clay failure was mainly 
affected by the accumulation of plastic deformation, rather than pore water pressure; 
therefore this model is suitable to be used in this study. 
The modified new model presented in this chapter is based on the model developed 
by Carter et al. (1979), where changes in the yield surface and volume compatibility 
during loading and unloading are considered and described with two additional 
parameters; this model is also frequency dependent. The effect of those additional 
parameters on the principal stress rotation is also explained in this chapter. Since the 
stability or failure of soil is of most concern in field situations, the plastic 
deformation behaviour and the decrease in soil stiffness are also incorporated in this 
model. 
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7.2 Modified Cam-Clay model 
Schofield and Wroth (1968) developed a theoretical “Cam-clay” model for soil 
behaviour under monotonic loading. This model is expressed in the theory of 
plasticity and is based on a simple hypothesis for the storage and dissipation of 
energy, the concept of stability defined by Drucker (1966) and an empirical 
relationship for the pressure-specific volume behaviour of a soft clay. This model 
combines the consolidation and shearing behaviour of clay within a single 
framework. However, at small stress ratios, the Cam-clay model predicts very large 
shear strains for consolidation due to the pointed shape of the yield locus. This 
limitation was eliminated by introducing a slightly different hypothesis for the 
dissipation of energy which resulted in the “Modified Cam-Clay” model that  
incorporates an elliptical yield surface (Roscoe and Burland 1968).  
The Modified Cam Clay model was originally developed for reconstituted clays.  
Since it is familiar to most geotechnical engineers and it captures the essential 
behaviour of reconstituted soil, the Modified Cam Clay model was chosen as the 
basis for this current research. Since the total stress path was adopted with a ratio of 
1:3 in the p-q diagram regardless of rotation in principal stress direction, the effective 
stress path was changed according to the additional parameters. 
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7.2.1 Stress state of the soil 
The particular stress state of a soil element can be described using the following 
parameters. 
• Effective mean stress 
𝑝′ =  
1 
3
(𝜎1 +  𝜎2 +  𝜎3)        (7.1) 
Where 𝜎1, 𝜎2 and 𝜎3 are the effective principal stresses. 
• Deviator stress 
𝑞 =  √
(𝜎1 − 𝜎2)2+(𝜎1 − 𝜎3)2+(𝜎2 − 𝜎3)2 
2
        (7.2) 
• Specific volume 
v=1+e          (7.3) 
Where e is the void ratio. 
 
7.2.2 Critical State condition 
The application of shear stress / deviator shear will eventually lead to a state where 
no change in volume occurs because the soil is sheared continuously; this condition 
is called the “critical state”. The critical state line can be represented in the v-lnp’ 
plot (Figure 7.1) and p-q diagram (Figure 7.2) as follows.  
Figure 7.1 shows that the critical state line (CSL) is parallel to the normal 
compression line (NCL), which results in the same slope value of . The specific 
volume of CSL and NCL at unit pressure are  and N, respectively. The relationship 
between those parameters is expressed as follows: 
Γ = 𝑁 − (𝜆 − 𝑘)𝑙𝑛2          (7.4) 
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Figure 7.1 : Critical state and normal compression lines 
Figure 7.2 : Yielding behaviour of soil on dry side and wet sides 
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Figure 7.2 shows the critical state line and changes in the yield surface where as the 
deviator stress increases the soil yields with different pre-consolidation pressure 
(p’co). This relationship can be described by the following equation. 
 
𝑝′
𝑐𝑜
= 𝑝′ +  
1
𝑀2𝑝′
𝑞2         (7.5) 
where M is the slope of the critical state line. 
M can be related to the critical friction angle (ϕ) as follows: 
 
𝑀 =  
6 𝑠𝑖𝑛𝜙
3−𝑠𝑖𝑛𝜙
           (7.6) 
 
If the initial stress state of soil is on the right side of the point where the critical stress 
line intersects the yield surface then the yield surface expands as p' increases beyond 
p'co, resulting in strain hardening; this type of yielding occurs on the wet side. 
However, strain softening will occur when the deviator stress increases if the initial 
stress state is on the left side of the intersection of the CSL; the soil will experience 
dilatancy until it reaches the initial yield surface, and then the yield surface will 
shrink until it reaches the critical stress line. 
 
During plastic behaviour, the yield locus changes according to the following law: 
𝑑𝑝′𝑐
𝑝′𝑐
 =  
𝑑𝑝′𝑦
𝑝′𝑦
           (7.7) 
 
During the elastic deformation, if the material is elastic (p’y<p’c) 
𝑑𝑝′𝑐
𝑝′𝑐
 =  0           (7.8) 
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7.3 Conceptual framework for an undrained cyclic model 
7.3.1 Characteristics of the new model 
The laboratory research presented in the previous chapters was carried out on 
reconstituted normally consolidated soils so this model was developed based on the 
experimental data obtained using the same soil. For normally consolidated soils, the 
axial strain and pore water pressure will increase continuously if the first load is 
applied monotonically, but when the soil is unloaded, the enlarged yield surface 
remains unchanged. As a Modified Cam-Clay concept, there will be no additional 
strain or pore water pressure increment after the first loading because soil behaves 
like elastic material within the yield surface. However, the test results indicated that 
the plastic strain and excess pore water pressure increased constantly during the 
cyclic loading and reloading of normally consolidated clay. This behaviour could be 
simulated by changing the position and size of the yield surface during the unloading 
process (Carter et al. 1979), but to do this some assumptions must be made. 
• The yield surface must be the same shape as the elliptical surface during 
unloading. 
• The size is changed in an isotropic manner. 
• The associated flow rule is used for entire cyclic process.  
When the soil is unloaded elastically the function of the yield surface can be defined 
as, 
𝑑𝑝′𝑐
𝑝′𝑐
 =  ∆
𝑑𝑝′𝑦
𝑝′𝑦
          (7.9) 
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Where  is the cyclic degradation parameter, pc’ is a hardening parameter that can be 
considered as pre-consolidation pressure, and py’ is a variable defined as, 
 
𝑝′𝑦  = 𝑝
′ + (
𝑞
𝑀
)2
1
𝑝′
          (7.10) 
 
The test results indicated the development of axial strain and pore water pressures 
were not only influenced by the number of cycles (N), they were also affected by the 
frequency (f) for a constant stress level. Therefore, in this model those parameters 
were included into the cyclic degradation parameter () in the form of: 
∆ =  
1
𝛼𝑁+
           (7.11) 
Where α and  are experimental constants. 
 
7.3.2 Stress path under cyclic loading 
The total stress paths for loading with and without principal stress rotation are the 
same. The influence that the principal stress rotation has on the effective stress path 
will be described later. The effective stress path for loading without principal stress 
rotation is described here during the loading and unloading process.  
The effective stress path for isotropically and normally consolidated soils under 
cyclic loading is explained step by step by using the equations and the figures. While 
the yield stresses after the loading part of each cycle are notated as p’Hl,i (i=1,2,3,…n) 
and the yield stresses after the unloading part of each cycle are notated as p’Hu,i 
(i=1,2,3,….n), the loading parameter after each cycle is denoted as p’y,i 
(i=1,2,3,….,n).  
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Initially, soil is isotropically consolidated to point A, but when the loading part (half 
portion) of the cyclic loading is applied to the soil element the stress state moves 
from A to H1 (Step 1 in Figure 7.3). In that stress path the excess pore pressure 
increases and the effective mean stress decreases, so the yield stress corresponding to 
point H1 is formulated as: 
 
𝑃′𝐻𝑙,1 =  𝑃′𝐻1 + (
𝑞𝑐𝑦𝑐
𝑀
)
2
(
1
𝑃′𝐻1
)        (7.12) 
 
Where qcyc is constant for the whole cyclic loading process. The effective mean stress 
at point H1 can be calculated using the volumetric strain zero concept (between point 
A and H1) formulated as: 
 
𝑃𝐴
′
𝑃′𝐻1
=  [
𝑀2+(
𝑞𝑐𝑦𝑐
𝑃𝐻1
′)
2
𝑀2+(
𝑞𝑐𝑦𝑐
𝑃𝐴
′ )
2 ]
𝜆−𝑘
𝜆
        (7.13) 
 
Where  and k are the slopes of the normally compression line and swelling line in 
the v-lnp’ plot, respectively. 
 
For the unloading part (the other half portion) of cyclic loading, the stress path 
travels from H1 to H1* (Step 2 in Figure 7.3), during which the excess pore water 
pressure decreases and the mean effective pressure increases. The loading parameter 
corresponding to point H1* is P’Hy,1. The yield surface shrinks to some level after 
unloading and the yield stress for the second loading can be determined as: 
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∫
𝑑𝑝′𝐻
𝑝′𝐻
𝑝′𝐻𝑈,1
𝑝′𝐻𝑙,1
= ∫ 𝜃
𝑑𝑝′𝑦
𝑝′𝑦
𝑃′𝐻𝑦,1
𝑝′𝐻𝑙,1
        (7.14)  
𝑃′𝐻𝑢,1 =  𝑃′𝐻𝑙,1 (
𝑃′𝐻𝑦,1
𝑃′𝐻𝑙,1
)∆        (7.15) 
The changes in the hardening parameter are responsibe for the volumetric plastic 
strain, but since cyclic loading was applied under undrained conditions, the total 
volumetric strain should be zero throughout the test. Therefore, an elastic volumetric 
strain will occur due to changes in the mean effective stress. The increment in 
volumetric plastic strain should be equal and opposite to the increment of volumetric 
elastic strain. The mean effective stress after unloading can be calculated as (using 
volumetric strain zero concept): 
𝛿 𝑝
𝑝
+  𝛿 𝑝
𝑒 = 0          (7.16) 
𝑘
𝛿𝑝′𝐻
𝑝′𝐻
 +  (𝜆 − 𝑘)
𝛿𝑝′𝑦
𝑝′𝑦
= 0        (7.17) 
∫ 𝑘
𝛿𝑝′𝐻
𝑝′𝐻
𝑝′𝐻𝑈,1
𝑝′𝐻𝑙,1
=  ∫ −(𝜆 − 𝑘)
𝛿𝑝′𝑦
𝑝′𝑦
𝑃′𝐻𝑦,1
𝑃′𝐻𝑦,1
      (7.18) 
(
𝑃′𝐻𝑦,1
𝑃′𝐻𝑙,1
)∆ =   (
𝑃′𝐻𝑦,1
𝑃′𝐻1
)
𝑘
𝑘−𝜆        (7.19) 
 
During the second cycle, the soil behaves elastically when the stress path travels 
from H1* to H’2 if q is less than qyield (q<qyield) (Step 3 in Figure 7.3). There will be 
no excess pore water pressure and plastic deformation within that region. qyield is 
given by: 
𝑞𝑦𝑖𝑒𝑙𝑑,𝐻 =  √(𝑃
′
𝐻𝑢,1
− 𝑃′
𝐻𝑦,1
)𝑀2𝑃′𝐻𝑦,1      (7.20) 
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Once the stress path reaches qyield soil starts to behave plastically and therefore 
plastic deformation and excess pore water pressure develops when the point moves 
from H’2 to H2 (qyield<q<qcyc) (Step 4 in Figure 7.3), which reduces the effective 
mean stress.  
 
When the stress path moves within the yield locus, elastic shear strains develop. The 
incremental elastic shear strain (dq
e) is calculated using the elastic stress-strain 
relationship as follows: 
 
𝑑𝜖𝑞
𝑒 =  
1
3𝐺
 𝑑𝑞          (7.21) 
Where G is the shear modulus. 
 
As per the experimental results, the resilient modulus degraded with the number of 
cycles. This reduction was well fitted with logarithm curves, so the degradation of 
modulus (𝛅) was incorporated into the model as follows: 
𝐺𝑁 =  𝛿𝐺0           (7.22) 
𝛿 =  𝑎𝑙𝑛(𝑁) + 1          (7.23) 
Where a is a experimental fitting parameter.  
 
Since the whole cyclic process was carried out in undrained conditions, the total 
volumetric strain (v) will be zero, and therefore the relationship between elastic 
volumetric strain and plastic volumetric strain is given by: 
 
𝑑𝜖𝑣 =  𝑑𝜖𝑣
𝑝 + 𝑑𝜖𝑣
𝑒 = 0         (7.24)  
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Where v
p and v
e are the plastic volumetric strain and elastic volumetric strain, 
respectively. 
 
However, plastic shear strain is induced when the stress path moves on the current 
yield surface, and it can be calculated using the following plastic stress-strain 
relationship:  
 
 
𝑑𝜖𝑞
𝑝 =  
(𝜆−𝑘) 
𝑣𝑝(𝑀2+𝜂2)
 (2𝜂𝑑𝑝 + (
4𝜂2
𝑀2−𝜂2
) 𝑑𝑞)      (7.25) 
 
where  = q/p’ 
 
 
Chapter 7                                                                                                                                                                                          Constitutive Model 
 
200 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.3 : Brief description of moving the stress path step by step 
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Figure 7.4 : Overview of the movement of effective stress path 
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It is very interesting to analyse changes in the v-lnp’ graph. Since this cyclic loading 
was applied under undrained conditions, the void ratio would be the same throughout 
the test. However, the effective mean stress moves towards the critical state line 
(CSL), as shown in Figure 7.5. The pre-consolidation pressure changes in every 
loading and unloading process according to the hardening parameter shown in the p’-
q diagram with the number of cycles. The assumption here is that the slopes of the 
loading and reloading lines (𝛌 and k) will not change with the number of cycles. The 
mean effective stress will decrease while the void ratio will remain constant during 
the loading phase of the 1st cyclic loading (from A to H1). Further, the mean 
effective stress will increase during the unloading process while the void ratio will 
remain constant (H1 to H1*). The effective stress will decrease more beyond point 
H1 during the loading part of the 2nd cyclic loading (from H1* to H2). During 
unloading, the mean effective stress will increase to point H2* which is less than the 
effective mean stress of point H1. Every cyclic loading follows the path in the same 
movement. If the cyclic loading is greater than the critical cyclic stress ratio, the 
horizontal mean effective stress path will eventually reach the critical state line 
(CSL).  
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Figure 7.5 : Movement of mean effective stress in v-lnp’ diagram 
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7.3.3 Influence of principal stress rotation in the model 
All the equations presented above can be applied to cyclic loading involving 
principal stress rotation (PSR) because the total stress path is similar to the triaxial 
stress path applied in the Modified Cam Clay model. In fact, the experimental results 
showed that soil subjected to cyclic loading with principal stress rotation at the 
higher cyclic stress ratio failed in fewer cycles than soil under cyclic loading without 
principal stress rotation. To illustrate this phenomenon, the effective stress path of 
cyclic loading with principal stress rotation is shown in Figure 7.6, where the 
inclusion of principal stress rotation reduced the yield stress, thus causing the 
effective stress path to reach the critical state line quicker.   
As Figure 7.6 shows, when cyclic loading is applied with continuous principal stress 
rotation the effective stress after the loading phase of the first cycle reaches B2, 
which is less than the value at B1 which is reached due to cyclic loading without 
PSR. During this process, the yield surface for loading with PSR is smaller than the 
yield surface without PSR; however, it is assumed that the effective stress path 
during unloading would be parallel to each other (from B to C). The amount that the 
yield surface would shrink for loading with PSR would be higher than that for the 
loading without PSR during the unloading process. During the 1st half of the 2nd 
loading cycle, the effective stress does not change for both loading conditions until it 
reaches the shrunken yield surface, but after that, loading with PSR again reached 
with a smaller yield surface the maximum deviator stress (from C2 to D2). In this 
way, the effective stress path for loading with PSR deviates from the stress path 
without PSR. This behaviour is adopted in the model by changing the cyclic 
degradation parameters (α and β).  
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Figure 7.6 : Effect of principal stress rotation on the effective stress path 
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7.3.4 Parameters required for the new undrained cyclic model 
The following parameters must be established for the proposed cyclic model. 
➢ Soil properties 
• The gradient of the normal consolidation line in the v- ln p' space () 
• The gradient of the swelling and recompression line in the e - ln p' 
space (k) 
• The slope of the critical state line in p’-q space (M) 
• Shear modulus (G) 
 
➢ Initial condition of soil 
• Pre-consolidation pressure (p’A) 
• Effective mean stress (p’A) 
• Deviator stress (q=0) 
• Specific volume (v0=1+e0) 
 
➢ Cyclic loading condition 
• Cyclic deviator stress (qcyc) 
• Loading frequency (f) 
• Number of cycles (N) 
• Cyclic degradation parameter (α) 
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7.3.5 Subdivisions for cyclic loading 
Cyclic loading consists of loading, unloading, reloading, and elastic and plastic 
portions. It is important to subdivide the loading, unloading and reloading sections in 
order to differentiate between the elastic and plastic behaviour of soil. Therefore the 
deviator stress is divided into a number of increments as the incremental deviator 
stress (dqi) (i=1,2,……n). According to the value of dqi, the soil behaviour is either 
elastic or plastic and the stresses and strains can be calculated. 
▪ dqi > 0 and p’y<p’c, when the soil is reloaded and shows elastic behaviour. 
▪ dqi > 0 and p’y=p’c, when the soil is reloaded and shows plastic behaviour. 
▪ dqi < 0, when the soil is unloaded and shows elastic behaviour. 
7.3.5.1 Soil is plastic 
The computational procedures for the stress and strain calculation if the soil is plastic 
are described here. 
i. Calculate the deviator stress (qi+1); qi+1 = qi + dqi+1 
ii. Calculate the mean effective stress (p’i+1);  
𝑝′𝑖
𝑝′𝑖+1
=  [
𝑀2+(
𝑞𝑖+1
𝑝′𝑖+1
)
2
𝑀2+(
𝑞𝑖
𝑝′𝑖
)
2 ]
𝜆−𝑘
𝜆
    
 The Newton-Raphson method was adapted to determine the pi+1  
 
 
𝑓(𝑝′
𝑖+1
) =
𝑝′𝑖
𝑝′𝑖+1
−  [
𝑀2+(
𝑞𝑖+1
𝑝′𝑖+1
)
2
𝑀2+(
𝑞𝑖
𝑝′𝑖
)
2 ]
𝜆−𝑘
𝜆
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𝑓′(𝑝′
𝑖+1
) =
𝑝′𝑖
(𝑝′𝑖+1)
2
 +  
(𝜆−𝑘)
𝜆
 [
𝑀2+(
𝑞𝑖+1
𝑝′𝑖+1
)
2
𝑀2+(
𝑞𝑖
𝑝′𝑖
)
2 ]
𝜆−𝑘
𝜆
2(𝑞𝑖+1)
2/(𝑝′𝑖+1)
3 
𝑀2+(𝑞𝑖/𝑝
′
𝑖)
2
   
    
 
 An iteration was done to find a possible and more accurate value. 
 
𝑝′
𝑖+1
(1) =  𝑝′𝑖           
 
 𝑝′
𝑖+1
(𝑗 + 1) = 𝑝′
𝑖+1
(𝑗) −
𝑓(𝑝′𝑖+1(𝑗))
𝑓′(𝑝′𝑖+1(𝑗))
 , 1<=j<=niteration  
 
Where niteration is the value of the iteration, and the value of pi+1 can be 
obtained by: 
𝑝′
𝑖+1
=  𝑝′
𝑖+1
(𝑛𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 + 1)  
 
  
iii. Calculate the excess pore water pressure (ui+1)  
𝑢𝑖+1 =  𝑢𝑖 + (𝑝
′
𝑖
− 𝑝′
𝑖+1
) +
𝑑𝑞𝑖+1
3
  
 
iv. Calculate the shear strain (es,i+1): 
 𝑒𝑠𝑖+1 =
𝜆−𝑘
𝑣𝑝′𝑖+1(𝑀
2+
𝑞𝑖+1
𝑝′𝑖+1
)
 (𝑎𝑖+1 + 𝑏𝑖+1) +  
𝑑𝑞𝑖+1
3𝐺
 
Where 
 𝑎𝑖+1 = 2
𝑞𝑖+1
𝑝′𝑖+1
(𝑝′
𝑖
− 𝑝′
𝑖+1
) 
𝑏𝑖+1 = 4
(𝑞𝑖+1/𝑝
′
𝑖+1
)2
𝑀2 − (𝑞𝑖+1/𝑝′𝑖+1)
2
(𝑑𝑞𝑖+1) 
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7.3.5.2 Soil is elastic 
The computational procedures for calculating the stress and strain if the soil is elastic 
are described here. 
i. Calculate the deviator stress (qi+1); qi+1 = qi + dqi+1 
ii. Calculate the mean effective stress (p’i+1);   
(
𝑃′𝑖+1
𝑃′𝐻𝑙
)∆ =   (
𝑃′𝑖+1
𝑃′𝑖
)
𝑘
𝑘−𝜆   
Where p’Hl is the yield stress after loading.  
The Newton-Raphson method was adapted to determine the pi+1 
𝑓(𝑝′
𝑖+1
) =
𝑃′𝑖+1
𝑃′𝐻𝑙
∆
−  (
𝑃′𝑖+1
𝑃′𝑖
)
𝑘
𝑘−𝜆
   
𝑓′(𝑝′
𝑖+1
) = (
𝑘
𝜆−𝑘
) (
𝑃′𝑖+1
𝑃′𝑖
)
𝑘
𝑘−𝜆
(
1
𝑃′𝑖
)
2
+ ∆ (
𝑃′𝑖+1
𝑃′𝐻𝑙
)
∆−1
(
1
𝑃′𝐻𝑙
)
2
   
 
An iteration was done to find the possible and more accurate value. 
𝑝′
𝑖+1
(1) =  𝑝′𝑖     
𝑝′
𝑖+1
(𝑗 + 1) = 𝑝′
𝑖+1
(𝑗) −
𝑓(𝑝′𝑖+1(𝑗))
𝑓′(𝑝′𝑖+1(𝑗))
   
   
iii. Calculate the shear strain (esi+1): 
 𝑒𝑠𝑖+1 =
𝑑𝑞𝑖+1
3𝐺
 
Since this calculation involves many iterations, manual calculations are not possible, 
so Python coding was used to calculate the strains and water pressures (details can be 
found in the attached Appendix).     
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Figure 7.7 : Computational operation 
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7.4 Verification of the model 
The development of a constitutive model for the undrained cyclic loading of soft clay 
was described in the previous section. To verify this new model, its predictions were 
compared with the test results presented in Chapters 4 and 5. The soil parameters 
used in the model and the initial test conditions are given in Table 7.1. The values of 
the cyclic degradation parameters (α and ) are summarised in Table 7.2. 
 
Table 7.1 : Initial conditions and soil parameters 
Initial Conditions Soil properties 
P’o eo P’co Mc 𝛌 k 
50 0.67 50 1.56 0.12 0.025 
  
 
 
 
 
 
 
 
 
 
 
 
      
 
Chapter 7                                                                                          Constitutive Model 
 
213 
Table 7.2 : Values of cyclic degradation parameters 
CSR f (Hz) α  
0.2 0.1 6.5 100 
0.2 0.5 8.7 100 
0.2 1.0 10.5 100 
0.3 0.1 6.0 60 
0.3 0.5 8.5 60 
0.3 1.0 8.8 60 
0.4 0.1 4 40 
0.4 0.5 4.5 40 
0.4 1.0 5 40 
 
   
Table 7.2 clearly shows that the parameter α depends on the cyclic stress ratio and 
frequency, while the parameter  depends only on the cyclic stress ratio. Even 
though there was no linear variation in the cyclic degradation parameters, α increased 
with frequency and   decreased as the cyclic stress ratio increased.  
 
The comparisons of the model simulation results and the test data in terms of 
variation of axial strains and excess pore water pressure over the number of cycles 
are shown in Figures 7.8 and 7.9, respectively. While UL denotes the upper limit of 
the strain envelop, LL stands for the lower limit in all the Figures presented here. A 
good agreement between the predicted results and actual test data was obtained, and 
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as expected, the axial strains and excess pore water pressure increased as the cyclic 
stress ratio increased.  
 
Figures 7.8a and 7.8b (CSR=0.2and CSR=0.3, respectively)  show that the values 
predicted by the model are in very close agreement with the actual test data at 
frequencies of 0.5Hz and 1Hz, whereas the model values for 0.1Hz frequency 
loading deviate slighly from the actual data. In fact, the axial strain obtained from the 
model showed sudden increment after fewer cycles than the data obtained from the 
actual test. For instance, at f=0.1Hz and CSR=0.2, 0.2% of axial strain was measured 
in the laboratory after 2500 cycles while the same strain was reached after only 250 
cycles from the simulation (Figure 7.8a). However, the model predictions are in 
compliance with test data after 5000 cycles for 0.1Hz loading. 
 
When the loading was applied with a CSR of 0.4 (Figure 7.8c), there was good 
agreement between measured data and model values for the lower frequencies (0.1 
Hz and 0.5Hz). At frequencies of 0.1Hz and 0.5Hz failure occurred in less than 100 
cycles and after around 150 cycles, respectively, both for actual and model data. 
When cyclic loading was applied with a higher frequency of 1Hz, failure was 
observed at around 300 cycles both for the model and experimental data, although 
there were some discrepancies in the increment of axial strain. The actual data for the 
frequency of 1Hz showed stable behaviour up to 50 cycles, but this did not appear in 
the model prediction. 
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(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
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(c) 
 
The actual excess pore water pressure data was compared with model prediction for 
cyclic stress ratios of 0.2, 0.3 and 0.4 (Figure 7.9). A good agreement was obtained 
between the experimental (actual) and predicted data. Similar to what was observed 
in terms of development of axial strain, there was a sudden increase in excess pore 
water pressure within the first few cycles as predicted by the model, but these values 
merged with the actual test data after about 5000 cycles and showed stable behaviour 
as the cycles continued (Figure 7.9a and 7.9b). For CSR=0.4 (Figure 7.9c), 
regardless of frequency the failure was reached at almost the same number of 
cyclesboth for measured and predicted data, even though the trend of excess pore 
water pressure obtained from the model differed slightly from the actual data.  
Figure 7.8 : Comparison between model predictions and test data for the 
variation of axial strain over number of cycles (a) CSR=0.2, (b) CSR=0.3 and 
(c) CSR=0.4 
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(c) 
  
 
 
 
The influence of PSR on the model was verified using one set of test results.To this 
end, the hollow cylinder test data obtained under CSR of 0.2 and frequency of 1Hz 
was compared with the model predictions. The model predictions for the 
accumulation of axial strain and excess pore water pressure were in good agreement 
with the test data, as shown in Figure 7.10. The PSR during cyclic loading infuenced 
the value of α in the model, where α decreased from 10.5 (without PSR) to 9.5 (with 
PSR).    
 
Figure 7.9 Comparison between model predictions and test data for the 
accumulation of excess pore water pressure over number of cycles (a) CSR=0.2, 
(b) CSR=0.3 and (c) CSR=0.4 
      
 
Chapter 7                                                                                          Constitutive Model 
 
219 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
 
 
 
Figure 7.10 : Comparison between model predictions and actual test data with 
PSR for CSR=0.2 and f=1Hz (a) axial strain and (b) excess pore water 
pressure 
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7.5 Parametric study 
The constitutive model developed for undrained cyclic loading was verified against 
actual test data in the previous section, so the aim here is to carry out a sensitivity 
analysis to demonstrate how the model reacts to varying model parameters and how 
the solution would be changed.  
 
The effect that the cyclic stress ratio has on the model predictions for the 
development of axial strain and excess pore water pressure along the number of 
cycles was analysed at a frequency of 1Hz. Figure 7.11 shows the axial strain 
increased as the cyclic stress ratio increased, as expected, and there was no failure 
while the CSR increased from 0.2 to 0.333. However, when the CSR increased to 
0.36 the axial strain reached 4% in 2000 cycles; this shows that the critical cyclic 
stress ratio (CCSR) is very close to 0.36, and any increase in CSR would cause soil 
failure after a certain number of cycles.  
 
The same behaviour occurred in terms of the accumulation of excess pore water 
pressure (Figure 7.12); when the CSR increased from 0.2 to 0.33 the excess pore 
water pressure increased linearly but soil behaviour remained stable, but once the 
CSR increased from 0.333 to 0.36, the pore water pressure suddenly increased in a 
few cyles indicating unstable soil behaviour and consequently failure.   
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Figure 7.11 : Predicted axial strain envelopes from the proposed model 
for different cyclic stress ratios 
Figure 7.12 : Predicted excess pore water pressure from the proposed 
model for different cyclic stress ratios 
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7.6 Summary 
A new constitutive model for undrained cyclic loading was developed by modifying 
the Original model proposed by Carter et al. (1979) to predict the behaviour of soft 
clay under repeated loadings. The theoretical model was developed on the basis of 
the Modified Cam Clay model subject to some assumptions. The shape of the yield 
surface and the slope of the compression and recompression lines were assumed to 
be the same for all the subsequent loadings with the associated law, while other 
assumptions remained the same as for the Modified Cam Clay model. The volume 
compatibility and the shrinking and swelling of the yield surface are the main aspects 
of this model. Apart from the parameters used in the Modified Cam Clay model, only 
three parameters were needed to simulate the behaviour of soft clay under cyclic 
loading; here two parameters captured the stress level and loading frequency and one 
parameter predicted the degradation of the modulus during cyclic loading. The effect 
of the principal stress rotation on the effective stress path has been described 
conceptually. A detailed procedure for calculating the axial strain and excess pore 
water pressure have been described in steps.  
 
The values predicted by the newly developed model were compared with the actual 
test data shown in Chapters 4 and 5. The model showed good agreement at predicting 
the axial strain and excess pore water pressure, thus enabling its validation. Cyclic 
degradation parameters such as α, which depends on the cyclic stress ratio (CSR) and 
frequency, and , which only depends on the CSR, influenced the model such that α 
increased with frequency and  decreased as the CSR increased. When the CSR 
values were less than the critical cyclic stress ratio, the predicted values mostly 
merged with the actual data. There was slight deviation in the predicted values in 
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early cycles when a higher CSR (equal to 0.4) was applied, but the number of cycles 
to failure were almost the same for the actual and model data. The influence of 
principal stress rotation on the model was verified with the test data and indicated 
that the cyclic degradation parameter α impacted on PSR.  
 
Finally, a sensitivity study was carried out to analyse the performance of the model. 
The influence of the cyclic stress ratio on the model predictions was studied in terms 
of the development of axial strain and excess pore water pressure at a frequency of 
1Hz. It was found that critical cyclic stress ratio is very close to 0.36, where the soil 
shows failure along the number of cycles.
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Chapter 8 Conclusions and Recommendations 
 
8.1 General Summary 
Although significant studies have been conducted in the past through experimental 
and analytical modelling, the available literature indicates that there has always been 
a discrepancy between the observed and predicted behaviour of railway subgrade 
under continuous cyclic loading (Ni et al. 2012, Subramaniam and Banerjee 2013). 
This discrepancy is usually attributed to numerous factors such as the lack of 
parameters considered and difficulty in analysing complex stress paths. Some of 
these uncertainties and difficulties are overcome through this doctoral research by 
studying the effect of principal stress rotation on soft soil behaviour when subjected 
to different train axle loads and different speeds in more detail.  
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Following from the abstract, Chapter 1 emphasized the problems encountered and 
described the content of the Thesis. A comprehensive literature review of the factors 
to be considered and capability of the devices for the application of principal stress 
rotation have been presented in Chapter 2. Chapter 3 briefly described the main 
devices used in this study and their advanced applications and limitations. The 
experimental investigations involving cyclic loading without principal stress rotation 
and with continuous principal stress rotation were presented in Chapter 4 and 
Chapter 5, respectively. Chapter 6 compared and analysed the influence of 
continuous principal stress rotation on soil response using experimental results. The 
development of a constitutive model for soft soil under undrained cyclic loading by 
incorporating degradation of resilient modulus was presented and validated in 
Chapter 7.  
 
8.2 Rate of loading 
Dynamic properties of normally consolidated saturated soft clay have been studied 
with the time-dependent behaviour by using different frequencies of sinusoidal cyclic 
loadings. All the tests were performed under undrained conditions in one-way cyclic 
loading to simulate the repeated train wheel loads. The failure criterion for all the 
tests was defined as the point where the axial strain reached 5%. Salient features for 
the time dependent behaviour of clay are summarised below.  
• Irrespective of the stress level, the axial strain and excess pore water pressure 
increased with number of cycles. For all the frequency values, the increment 
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rate was very high in the first few cycles, then it progressively decreased 
along subsequent cycling.  
• The lower frequency loadings imposed higher axial strains compared to the 
higher frequency loadings, regardless of the cyclic stress ratio. However, the 
influence of frequency had slight changes on the development of excess pore 
water pressure. 
• For lower CSR values (CSR=0.2 & 0.3 for triaxial apparatus and CSR=0.2 
for hollow cylinder apparatus), the increments in axial strain and pore water 
pressure after 50000 cycles were negligible, regardless of the loading 
frequency. 
• For higher CSR values (CSR=0.4 for triaxial apparatus and CSR=0.3 for 
hollow cylinder apparatus), specimens subjected to lower frequency loadings 
failed in few number of cycles compared to those under higher frequency 
loadings.  
• For the higher cyclic stress ratio of 0.4 imposed in the cyclic triaxial tests, the 
specimens failed by reaching 5% of axial strain in 100 to 285 cycles when the 
loading frequency increased from 0.01Hz to 1Hz. 
• The rate of loading influences the soil yielding limit, which affects the stress-
strain behaviour of soil. It was further emphasized that soil subjected to 
slower loading rates reaches the yield point at lower stress values (Yang et al. 
2016) and loadings with lower rate induce higher strains.  
• Regardless of cyclic stress ratio, the degradation of resilient modulus was 
more pronounced at lower frequency loadings. The degradation rate was 
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higher in the early stage of cyclic loading and reduced along subsequent 
cycles. 
• The degradation of resilient modulus (𝛅) with number of cycles for all 
loading frequencies was well fitted with the logarithm curves defined as 
𝛅=a*ln(N)+1, where a depends on the value of frequency.  
 
8.3 Cyclic stress level 
In this study, the ratio of cyclic stress was adopted instead of the absolute value of 
cyclic stress. Earlier researches (Brown et al. 1975, Andersen 1976, Zhou and Gong 
2001) have used the ratio between the maximum cyclic deviator stress and the 
undrained static deviator stress at failure. However, the use of this ratio was not 
meaningful since the strength of the soil increases with confining pressure that 
implies the depth of the soil. Therefore, the ratio between the maximum cyclic 
deviator stress and twice the confining pressure was used as the cyclic stress ratio 
(CSR). Three values (0.2, 0.3 and 0.4) of cyclic stress ratio were used for the triaxial 
tests whereas two values (0.2 and 0.3) were used for the dynamic hollow cylinder 
tests with different frequencies. The important aspects observed from this study are 
as follows: 
• The axial strain and excess pore water pressure increased with number of 
cycles for all cyclic stress values regardless of the device used in this study. 
• The soil specimens tested under a CSR of 0.2 and 0.3 for the triaxial 
apparatus and a CSR of 0.2 for the hollow cylinder apparatus did not fail 
during the tests and exhibited a stable behaviour. However, when the cyclic 
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loading was applied with CSR of 0.4 and 0.3 for triaxial and hollow cylinder 
apparatus, respectively, the specimens failed by barrelling.  
• For stable specimens, axial strain increased significantly during the first 
cycles but the rate at which the axial strain developed at later stages of cyclic 
loading was very small. In contrast, the increment rate in axial strain 
increased with number of cycles for those samples that failed under high CSR 
values. 
• The critical cyclic stress ratio (CCSR) can be estimated from the failure stress 
level as being between 0.3 and 0.4 for cyclic loading without principal stress 
rotation, whereas the CCSR would be between 0.2 and 0.3 for cyclic loading 
involving continuous rotation of principal stress direction. 
• The critical value will not lie always between 0.3 and 0.4. This range is only 
applicable to this type of soil with these specific loading conditions. It will be 
varying with plasticity index (PI), over consolidation ratio (OCR) and 
saturation level of the soil. It is expected that the critical threshold limit might 
be reduced if the PI is reduced. If the OCR of the soil is greater than one, then 
the critical threshold limit is expected to increase as the incremental axial 
strain and pore water pressure will be reduced for the over-consolidated soil. 
• The excess pore water pressure increased rapidly in the first cycles and then 
the increment rate decreased in subsequent cycles for all CSR values. There 
was a significant increase in excess pore water pressure when the CSR value 
increased. For instance, at 0.1 Hz frequency, when the CSR value increased 
from 0.2 to 0.3, the excess pore water pressure after 50000 cycles increased 
by 15kPa (triaxial apparatus).  
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• There were generally no increments in excess pore water pressure after 20000 
cycles at lower CSR values (for stable soil samples). 
• For the higher CSR values, the failure point of excess pore water pressure 
was taken as the value corresponding to an axial strain of 5%. While reaching 
45kPa was defined as failure in the triaxial apparatus (for CSR=0.4), a lower 
value of 30kPa was obtained for the same axial strain of 5% in the hollow 
cylinder apparatus (for CSR=0.3). 
• Regardless of the CSR value, the resilient modulus degraded continuously 
with the number of cycles. The values of resilient modulus decreased 
significantly during the early cycles, but the decreasing rate reduced with 
subsequent cycling at lower CSR values.  
• When higher CSR values were imposed, the degradation rate was high and 
soil samples failed when the resilient modulus reached less than 20% of its 
initial value, regardless of the apparatus used. 
• The degradation of resilient modulus over the number of cycles at different 
CSR values could be fitted well to logarithm trend lines. 
• The detrimental effect of variations in the CSR on soft soil behaviour was 
higher than that associated with changes in frequency in terms of the 
development of axial strain, excess pore water pressure and degradation of 
resilient modulus. 
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8.4 Principal Stress Rotation 
A novel procedure for preparing reconstituted soft hollow cylindrical sample was 
adopted in this study. The steps for the sample preparation can be outlined as 
follows: 
• Two custom made moulds with 100mm inside diameter and 60mm outside 
diameter were used to prepare the samples. A 20mm annulus was used to 
keep the moulds apart and maintain the thickness of the sample along its 
height.  
• A 4 step slurry consolidation method was used to prepare the reconstituted 
hollow cylindrical samples. Perforated holes were made on the periphery of 
the outer mould to reduce the consolidation time. A minimum of 14 days 
were required to complete the primary consolidation under 50kPa of axial 
pressure. 
•  Since the sample was prepared under submerged conditions, it remained 
fully saturated throughout the 1-D consolidation. Once the primary 
consolidation was completed, the hollow cylindrical sample was removed and 
trimmed to a desired height. 
The intact hollow cylindrical samples were isotropically consolidated with an initial 
effective confining pressure of 50kPa and the cyclic tests were carried out with 
principal stress rotation.  
The influence of principal stress rotation was studied in this research by adopting the 
general stress path in the Dynamic Hollow Cylinder Apparatus. Deviatoric and 
rotational dynamic loadings can be applied simultaneously in this device. A 90˚ 
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phase difference was maintained between these two sinusoidal cyclic loadings to 
induce the continuous rotation of principal stress directions. The ratio between the 
maximum deviatoric stress and torsional shear stress was kept at 2.14, which was 
reasonable to simulate the soil element under a confining pressure of 50kPa. The 
major and minor principal stresses were rotated continuously while the direction of 
intermediate principal stress remained constant. The orientation of principal stresses 
rotated continuously from -40˚ to +40˚ with the vertical line. 
The equipment was dynamically calibrated using soil samples by comparing the 
actual stresses and the calculated/predicted stresses and these values were found to 
agree quite well. The influence of PSR on soft soil behaviour in terms of axial strain, 
excess pore water pressure and degradation of resilient modulus is summarised as 
follows: 
• The total stress path with principal stress rotation in the p-q diagram was 
almost the same as the stress path obtained in the triaxial apparatus. 
Therefore, the results from the dynamic hollow cylinder apparatus and the 
triaxial apparatus can be compared. 
• The axial strain increased with the number of cycles regardless of the 
principal stress rotation. However, when principal stress rotation was 
imposed, the increment of axial strain was high even after 50000 cycles at 
the lower cyclic stress level (CSR=0.2). When the CSR increased to 0.3 with 
PSR, the soil samples failed after reaching 5% of axial strain in less than 400 
cycles, while they showed stable behaviour without PSR regardless of the 
loading frequency. 
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• Lower frequency loading with a higher CSR value led to soil failure after 
fewer cycles than a higher frequency loading. 
• There were no significant changes in the development of excess pore water 
pressure due to PSR for the lower CSR value (0.2), although the stable state 
was reached in slightly less cycles when the cyclic loading was applied 
without PSR. 
• At a relatively low frequency of 0.1 Hz and a higher CSR of 0.3, the effect of 
PSR on the development of excess pore water pressure can be considered 
negligible. However, at a higher frequency of 1Hz, a visible increment in 
pore pressure was observed due to PSR. 
• Regardless of the PSR, the normalised resilient modulus decreased sharply at 
the early stage of cyclic loading but the reduction rate declined along the 
subsequent cycles. Regardless of frequency, the influence of PSR on the 
degradation of the resilient modulus was substantial with the soil specimen 
showing a more pronounced degradation behaviour when subjected to PSR. 
The inclusion of continuous PSR led to a quicker degradation and the soil 
failure occurred after fewer cycles for the higher CSR value (0.3). 
• Regardless of the CSR and frequency, the application of continuous PSR led 
to lower values of the initial resilient modulus in comparison with those 
obtained without PSR. 
 
8.5 Constitutive model for undrained cyclic loading 
A new undrained cyclic loading model was proposed based on the Modified Cam-
Clay model. This constitutive model was an extension of the original Carter’s (1979) 
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model to predict the soft clay behaviour under continuous cyclic loading. This model 
was an attempt to simulate this in-situ condition with the help from laboratory 
experiments. To interpret this behaviour, it is assumed that the form of the yield 
surface remains unchanged but with a reduced size in an isotropic manner due to 
elastic unloading. Since the loading and unloading process was conducted under 
undrained conditions, the volumetric strain remained at zero as the yield surface 
changed. The features of this model and a comparison with the actual data are 
summarised here. 
• Two additional cyclic degradation parameters α and β were introduced to 
predict the shrunk and expanded yield surfaces. Additionally, an empirical 
formulae was adopted to incorporate the degradation of stiffness during 
cyclic loading as observed from the experimental results.    
• The parameter α depends on the cyclic stress ratio and frequency while the 
parameter  depends only on the cyclic stress ratio. Even though there was no 
linear variation in the cyclic degradation parameters, α increased with 
frequency and  decreased as the cyclic stress ratio increased.  
• A good agreement between the actual test data and the predicted values of 
axial strain and excess pore water pressure was obtained, which enabled the 
validation of the new model. When the model was used to predict the results 
from the triaxial apparatus, a little deviation was observed in the predicted 
axial strain values in the first cycles for the CSR of 0.4 though the numbers of 
cycles to failure were almost the same. The model slightly over estimated the 
values of axial strain and pore water pressure compared to the test data in the 
early cycles. 
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• This model was verified against the test data obtained from the hollow 
cylinder apparatus. For CSR=0.2 and frequency of 1Hz, the values predicted 
by the model simulation fitted well the actual test data with a α value of 9.5, 
which is less than the value used for predicting the results from tests without 
PSR (10.5). This shows that the continuous principal stress rotation affects 
the value of the cyclic degradation parameter α. 
• A sensitivity study with different cyclic stress ratios and a constant frequency 
of 1Hz was carried out to verify the performance of the model. It was 
concluded that for a CSR up to 0.333 the soil exhibited stable behaviour, 
while a CSR of 0.36 induced soil failure. This suggests that the critical cyclic 
stress ratio would be between 0.333 and 0.36. 
 
8.6 Suggestions for future work 
This current study considered most but not all of the important factors, and therefore 
future research could generalise the conclusions particularly in the following areas: 
• Experimental works using triaxial apparatus and dynamic hollow cylinder 
apparatus were performed on normally consolidated soil samples. It is 
suggested that the behaviour of lightly and moderately consolidated soils with 
anisotropic conditions under repeated loadings can be investigated in future 
studies. Investigate on different plasticity index (PI) of natural soils is also 
proposed. 
• A constant confining pressure was used throughout the study to represent a 
particular depth of subgrade soil. However, future works could incorporate 
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different confining pressures in order to simulate different depths of 
subgrade.  
• Fine particles in subgrade may pump out to the sub-ballast and ballast layers 
under repeated railway loadings. This mud-pumping phenomenon occurs due 
to the water coming out from the subgrade. Therefore, the analysis of 
subgrade behaviour under partially drained condition in future research would 
be useful to obtain the critical void ratio, where soil loses its shear strength. 
• The angle of rotation of principal stress direction was limited between -40˚ 
and +40˚ in this research. An investigation of the influence of different 
rotation angles would be helpful.  
• A plane stress condition was maintained during continuous principal stress 
rotation by keeping the intermediate principal stress constant. It is suggested 
that the dynamic variation of the intermediate principal stress under cyclic 
loading would give a more generalised 3-dimensional solution. 
• Finally, the proposed constitutive model for undrained cyclic loading 
involving the cyclic degradation parameters α and β could be validated using 
different soils since these parameters were back calculated in this study.    
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The Newton-Raphson method is a powerful technique for solving equations 
numerically. Like so much of the differential calculus, it is based on the simple 
idea of linear approximation. The Newton Method, properly used, usually homes 
in on a root with devastating efficiency. 
 
Let f(x) be a well-behaved function, and let x* be a root of the equation 
f(x)=0 . We start with an estimate x0 of x*. From x0, we produce a new estimate 
x1. From x1, we produce a new estimate x2. From x2, we produce a new estimate 
x
3
. We go on until we are close enough to x * . The above general style of 
proceeding is called iterative. The details are described below. 
 
Let x0 be a good estimate of x* and let x*= x0+h. Since the true root is x*, 
and h=x*- x0, the number h measures how far the estimate x0 is from the truth. 
Since h is small, we can use the linear (tangent line) approximation to conclude 
that: 
0 = 𝑓(𝑥∗) = 𝑓(𝑥0 + ℎ) ≈ 𝑓(𝑥0) + ℎ𝑓′(𝑥0)      (A1.1) 
And therefore, unless f’(x0) is close to 0, the following equation holds: 
ℎ ≈ −
𝑓(𝑥0)
𝑓′(𝑥0)
           (A1.2) 
It follows that: 
𝑥∗ = 𝑥0 + ℎ ≈  𝑥0 − 
𝑓(𝑥0)
𝑓′(𝑥0)
        (A1.3) 
 
Our new improved estimate x1 of x* is therefore given by: 
𝑥1 = 𝑥0 − 
𝑓(𝑥0)
𝑓′(𝑥0)
          (A1.4) 
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The next estimate x2 is obtained from x1 in exactly the same as x1 was obtained 
from x0 : 
𝑥1 = 𝑥0 − 
𝑓(𝑥0)
𝑓′(𝑥0)
          (A1.5) 
Continue in this way. If xn is the current estimate, then the next estimate xn+1 is 
given by:  
𝑥𝑛+1 = 𝑥𝑛 − 
𝑓(𝑥𝑛)
𝑓′(𝑥𝑛)
          (A1.6) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure A1 : The illustration of Newton-Raphson Method 
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PHYTHON CODES FOR THE THEORETICAL MODEL 
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import matplotlib as mpl 
from mpl_toolkits.mplot3d import Axes3D 
from matplotlib import pyplot as plt 
mpl.rcParams['legend.fontsize'] = 10 
from mpl_toolkits.axes_grid.inset_locator import inset_axes 
import datetime 
import pylab 
import numpy as np 
from scipy import stats 
from scipy.optimize import newton 
import math  
###Parameters 
Kai=0.03 
newpara=1.6 
lamda=0.17     #number of cycles of cyclic loading 
csr=0.2 
p_ini=50     #cyclic stress ratio 
qcyc=csr*2*p_ini 
Nq1=10 
Nq2=10 
dq=qcyc/Nq1 
fq=1.0 
fitted='PWP' 
Mpara=1.45 
alpha=10.5 
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beta=100. 
N=20000 
 
def stress(x,q0,q1,p0): 
 return p0/x-((Mpara**2+(q1/x)**2)/(Mpara**2+(q0/p0)**2))**((lamda-
Kai)/lamda) 
 
def stress_unloading(x,phl1,plast): 
 return (x/phl1)**theta-(x/plast)**(Kai/(Kai-lamda)) 
 
p=np.ones((N,Nq1+2))*p_ini 
q=np.ones((N,Nq1+2))*0.00 
U=np.ones((N,Nq1+1))*0. 
Esp=np.zeros((N,Nq1+1)) 
Ese=np.zeros((N,Nq1+1)) 
netta=np.zeros((N,Nq1+1)) 
PHl=np.zeros((N)) 
punload=np.zeros((N)) 
PHu=np.zeros((N)) 
Uunload=np.zeros((N)) 
Esunload=np.zeros((N)) 
Eseunload=np.zeros((N)) 
Espunload=np.zeros((N)) 
qyield=np.ones((N))*qcyc 
Es=np.zeros((N)) 
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for i in range (1): 
 theta=1./(alpha*(i+1)+beta) 
 Gpara=(-0.041*np.log(i+1)+1.)*1670. 
 for j in range (Nq1): 
  q[i,j+1]=q[i,j]+dq 
 
 p[i,j+1]=newton(stress,p[i,j]*0.99,args=(q[i,j],q[i,j+1],p[i,j]),maxiter=50) 
  U[i,j+1]=U[i,j]+(p[i,j]-p[i,j+1])+dq/3. 
  Ese[i,j+1]=Ese[i,j]+dq/(3*Gpara) 
  netta[i,j]=q[i,j]/p[i,j] 
  netta[i,j+1]=q[i,j+1]/p[i,j+1] 
  Esp[i,j+1]=(lamda-
Kai)/(newpara*p[i,j]*(Mpara**2+netta[i,j+1]**2))*(2*netta[i,j+1]*(p[i,j]-
p[i,j+1])+4*netta[i,j+1]**2*dq/(Mpara**2-netta[i,j+1])**2) 
 PHl[i]=p[i,Nq1-1]+(q[i,Nq1-1]/Mpara)**2/p[i,Nq1-1] 
 punload[i]=newton(stress_unloading,PHl[i],args=(PHl[i],p[i,Nq1]),maxiter=5
0) 
 p[i,Nq1+1]=punload[i] 
 PHu[i]=PHl[i]*(punload[i]/PHl[i])**theta 
 Uunload[i]=U[i,Nq1]-(punload[i]-p[i,Nq1-1]) 
 Eseunload[i]=(Ese[i,Nq1])-qcyc/(3*Gpara) 
 Espunload[i]=Esp[i,Nq1] 
for i in range(1,N): 
 theta=1./(alpha*(i+1)+beta) 
 Gpara=(-0.041*np.log(i+1)+1.)*1670. 
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 for j in range(Nq1): 
  qyield[i]=((PHu[i-1]-punload[i-1])*punload[i-1]*(Mpara**2))**0.5 
  Ese[i,0]=Eseunload[i-1]+qyield[i]/(3*Gpara) 
  q[i,0]=qyield[i] 
  q[i,j+1]=q[i,j]+(qcyc-qyield[i])/Nq1 
  p[i,0]=punload[i-1] 
  U[i,0]=Uunload[i-1] 
 
 p[i,j+1]=newton(stress,p[i,j]*0.99,args=(q[i,j],q[i,j+1],p[i,j]),maxiter=50) 
  U[i,j+1]=U[i,j]+(p[i,j]-p[i,j+1])+(qcyc-qyield[i])/(3*Nq1) 
  Ese[i,j+1]=Ese[i,j]+(qcyc-qyield[i])/(3*Nq1*Gpara) 
  netta[i,j]=q[i,j]/p[i,j] 
  netta[i,j+1]=q[i,j+1]/p[i,j+1] 
  Esp[i,0]=Espunload[i-1] 
  Esp[i,j+1]=(lamda-
Kai)/(newpara*p[i,j]*(Mpara**2+netta[i,j]**2))*(2*netta[i,j]*(p[i,j]-
p[i,j+1])+4*netta[i,j]**2*dq/(Mpara**2-netta[i,j])**2) 
 PHl[i]=p[i,Nq1-1]+(q[i,Nq1-1]/Mpara)**2/p[i,Nq1-1] 
 punload[i]=newton(stress_unloading,PHl[i],args=(PHl[i],p[i,Nq1]),maxiter=5
0) 
 p[i,Nq1+1]=punload[i] 
 PHu[i]=PHl[i]*(punload[i]/PHl[i])**theta 
 Uunload[i]=U[i,Nq1]-(punload[i]-p[i,Nq1]) 
 Eseunload[i]=(Ese[i,Nq1])-qcyc/(3*Gpara) 
 Espunload[i]=Esp[i,Nq1] 
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data=[U[:,0],Esp[:,0],Ese[:,0]] 
np.savetxt('PWP_strain_CSR_'+str(csr)+'_fq_'+str(fq)+'_'+fitted+'_HCA.txt',data) 
fc='b' 
ec='b' 
U_obs=np.loadtxt('PWP_HCA_CSR_0.2_0.3.txt') 
 
plt.figure(figsize=(7,7)) 
plt.plot(U[:,0],c=fc,label='model(HCA),f='+str(fq)+'Hz') 
plt.scatter(U_obs[:,0],U_obs[:,1],s=12,lw=1,facecolor=fc,edgecolor=ec,label='data(H
CA),f='+str(fq)+'Hz') 
plt.xlabel('Number of cycles (N))') 
plt.ylabel('Excess pore water pressure (kPa)') 
ax=plt.gca() 
plt.tick_params(which='both',left='on',right='off',labelleft='on',labelright='off',labelbo
ttom='on') 
ax.xaxis.set_major_locator(plt.MultipleLocator(5000)) 
ax.xaxis.set_minor_locator(plt.MultipleLocator(1000)) 
ax.yaxis.set_major_locator(plt.MultipleLocator(5)) 
ax.yaxis.set_major_formatter(plt.FormatStrFormatter('%0.1f')) 
plt.xlim(0,20000) 
plt.ylim(0,30.) 
plt.legend(ncol=2,loc=2)  
plt.savefig('U_'+str(fq)+'_PWP_CSR_'+str(csr)+'_HCA.png') 
plt.show() 
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APPENDIX C 
DERIVATION OF ROTATION ANGLE OF PRINCIPAL STRESSES 
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Notation: 
Ɵz - Shear stress  
σz  - Axial stress  
σƟ - Circumferential stress  
Above Figure describes the variation of shear stress with the difference between 
normal and circumferential stresses for any number of cycles. B and B’ are the points 
on the circle, which represents the different stress states with different rotation angles 
at each point of interest.   
A C 
 B 
B
C
2α
α’ 𝜎1 
Figure A2 : Rotation angle at different interest points 
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When we consider the stress state of a soil element at point B’, it creates an angle of 
2α’ with the horizontal line. This is equal to the rotation angle, α’ of the principal 
stress with the vertical line. Likewise, when the stress state of a soil element at point 
B creates an angle of 2α with the horizontal line, the rotation angle of principal stress 
becomes α.  
To derive the rotation angle of principal stresses, consider triangle ABC, 
𝑡𝑎𝑛 2 =
𝐵𝐶
𝐴𝐶
  
BC = 𝑧Ө 
AC = (
𝑧
− Ɵ)/2 
Therefore, 
𝑡𝑎𝑛 2 =
𝑧Ө
(
𝑧
−  Ɵ)/2 
 
𝛼 =
1
2
tan−1
2𝑧Ө
(
𝑧
−  Ɵ) 
 
 
